Weight of closed subsets topologically generating a compact group^∗

Dikran Dikranjan and Dmitri Shakhmatov

March 26, 2004

Dedicated to A.V. Arhangel’skiĭ on the occasion of his 66th anniversary

Abstract

Let G be a compact Hausdorff group. A subspace X of G topologically generates G if G is the smallest closed subgroup of G containing X. Define tgw(G) = ω · min{w(X) : X is closed in G and topologically generates G}, where w(X) is the weight of X, i.e. the smallest size of a base for the topology of X. We prove that: (i) tgw(G) = w(G) if G is totally disconnected, (ii) tgw(G) =^ω √ w(G) = min{τ ≥ ω : w(G) ≤ τ^ω} in case G is connected, and (iii) tgw(G) = w(G/c(G)) ·^ω √ w(c(G)), where c(G) is the connected component of G. If G is connected, then either tgw(G) = w(G), or cf(tgw(G)) = ω (and, moreover, w(G) = tgw(G)^+ under the Singular Cardinal Hypothesis).

We also prove that tgw(G) = ω · min{|X| : X ⊆ G is a compact Hausdorff space with at most one non-isolated point topologically generating G}.

1 Introduction

All groups considered in this paper are assumed to be Hausdorff, and usually also compact. A subspace X of a topological group G algebraically generates G provided that the smallest subgroup ⟨X⟩ of G that contains X coincides with G, and we say that X topologically generates G if ⟨X⟩ is dense in G. Define

agw(G) = min{w(X) : X is closed in G and algebraically generates G} and tgw(G) = min{w(F ) : F is closed in G and topologically generates G},

∗MSC Subj. Class.: Primary: 22C05; Secondary: 54A25, 54B05, 54D05, 54D30, 54H11. Keywords and phrases: compact, topological group, weight, subspace, dense subspace, generating rank, algebraic generation, topological generation, connected group, topologically finitely generated group.

where w(X) is the weight of X, i.e. the smallest size of a base for the topology of X if such a base is infinite, or ω otherwise. We will call agw(G) the algebraically generating weight of G and tgw(G) the topologically generating weight of G. Clearly tgw(G) ≤ agw(G) ≤ w(G). While the definition of algebraically generating weight appears to be more natural than that of topologically generating weight, it does not lead to anything new for compact groups: Arhangel’skiĭ proved that agw(G) = w(G) for every compact group G [1, Proposition 3.8]. Since in our article we consider mostly compact groups, we will concentrate on the topologically generating weight, with the aim of computing completely the value tgw(G) of topologically generating weight for a compact group G.

According to Hofmann and Morris [12], a subset X of a topological group G with the identity e is called suitable provided that:

(i) X topologically generates G, (ii) X \ {e} is a discrete subset of G, and (iii) X ∪ {e} is a closed subset of G.

Suitable sets were considered first in the early sixties by Tate in the framework of Galois cohomology (see [7]). Tate proved^1 that every profinite group has a suitable set. Hofmann and Morris [12] proved that every (locally) compact group G has a suitable set and introduced the generating rank

s(G) = min{|X| : X is a suitable set of G}

of G. (For profinite groups, s(G) has been already defined by Mel^′nikov [17].) As witnessed by the fact that the whole Chapter 12 of the monograph [13] by Hofmann and Morris is devoted to the study of this cardinal function (and its relation to the weight), s(G) is undoubtedly one of the most important cardinal invariants of a compact group G. This conclusion is further reinforced by the fact that Chapter 12 is the last chapter of the book [13] having its proofs built upon the whole power of various results and techniques from the preceding eleven chapters.

As an application of our results about tgw(G), we establish that tgw(G) = ω ·s(G) for every compact group G, i.e. the topologically generating rank and the generating rank of a compact group coincide whenever the latter rank is infinite (Corollary 9.1). This equality makes all our results about tgw(G) directly applicable to the study of s(G) carried out by Hofmann and Morris in [12, 13]. We refer the reader to Section 9 for further details.

2 Overview of our principal results about tgw(G)

We start this section with pointing out that the obvious inequality tgw(G) ≤ w(G) (1) 1This proof is extremely condensed. Detailed proofs can be found in [19] and [11].

holds for every group G. The relation between tgw(G) and w(G) becomes especially transparent in the totally disconnected case:

Theorem 2.1 tgw(G) = w(G) for a totally disconnected compact group G.

As an easy corollary we obtain the well-known fact that every profinite topologically finitely generated group is metrizable.

In a particular case when the group G is Abelian, Theorem 2.1 is essentially due to Piskunov [18].

We note that Corollary 7.6(i) provides a slightly more general version of Theorem 2.1.

For an infinite cardinal τ define^ω √ τ to be the smallest infinite cardinal κ with τ ≤ κ^ω. Clearly,^ω √ τ ≤ τ. In the connected case the value of tgw(G) can be expressed in terms of the “root function”^ω √ − defined above:

Theorem 2.2 tgw(G) =^ω √ w(G) for every compact connected group G.

Finally, we can combine the above two cases to get a general theorem:

Theorem 2.3 tgw(G) =^ω √ w(c(G)) · w(G/c(G)) for every compact group G, where c(G) is the connected component of G.

While tgw(G) need not coincide with w(G), the following double inequality can be proved:

Corollary 2.4 tgw(G) ≤ w(G) ≤ tgw(G)^ω for every compact group G. In particular, tgw(G)^ω = w(G)^ω.

Proof. The first inequality coincides with (1). To establish the second inequality, note that w(G) = w(c(G)) · w(G/c(G)) ≤ (_ω√ w(c(G)) )_ω · w(G/c(G))^ω ≤ (_ω√ w(c(G)) )_ω · w(G/c(G))^ω = (_ω√ w(c(G)) · w(G/c(G)) )_ω = tgw(G)^ω, where the last equality follows from Theorem 2.3. QED

Recall that the cofinality cf(κ) of an infinite cardinal κ is the smallest cardinal λ such that there exists a monotone function f : λ → κ with sup{f(α) : α < λ} = κ.

For connected compact groups one can describe precisely when the chain of inequalities in the above corollary collapses into a “chain” of equalities:

Theorem 2.5 Let G be a connected compact group. Then tgw(G) = tgw(G)^ω if and only if cf(tgw(G)) > ω.

The following ”dichotomy” holds for compact connected groups:

Corollary 2.6 If G is a connected compact group, then either tgw(G) = w(G), or cf(tgw(G)) = ω. Proof. If tgw(G) ≠ w(G), then tgw(G) ≠ tgw(G)^ω by Corollary 2.4, and thus cf(tgw(G)) = ω by Theorem 2.5. QED

As it turns out, both cases in the above theorem happen “cofinally often”:

Example 2.7 For every cardinal σ there exist successor (thus regular) cardinals τ > σ and κ > σ such that cf(tgw(T^τ )) = ω and cf(tgw(T^κ)) > ω and consequently, tgw(T^κ) = κ by Corollary 2.6. (Here T is the torus group.)

Following van Douwen [8], we denote by (†) the following statement: If κ ≥ c is a cardinal with cf(κ) > ω, then κ^ω = κ, where c denotes the cardinality of the continuum. Under (†), a much stronger version of Corollary 2.4 can be proved:

Theorem 2.8 Assume (†). Let G be a compact group such that w(G) > c. If w(G/c(G)) < w(G) = ρ^+, where ρ is a limit cardinal with cf(ρ) = ω, then tgw(G) = ρ, and thus tgw(G)^+ = w(G). Otherwise, tgw(G) = w(G).

Under (†), Theorem 2.8 yields a precise rule for computing tgw(G) in terms of w(G) that substantially strengthens the conclusion of Corollary 2.6:

Corollary 2.9 Assume (†). Let G be a connected compact group such that w(G) > c. If w(G) = ρ^+, where ρ is a limit cardinal with cf(ρ) = ω, then tgw(G) = ρ, and thus tgw(G)^+ = w(G). Otherwise, tgw(G) = w(G).

It turns out that the conclusions of both Theorem 2.8 and Corollary 2.9 are equivalent to (†):

Theorem 2.10 Suppose the following statement holds: “If G is a connected compact Abelian group such that w(G) > c, then either tgw(G) = w(G), or tgw(G)^+ = w(G).” Then (†) also holds.

Let GCH denote the Generalized Continuum Hypothesis saying that 2^τ = τ^+ for all cardinals τ. One can easily see that GCH → (†) (see, for example, [14, Theorem 5.15(iii)]). It is well-known that GCH is consistent with the usual Zermelo-Fraenkel axioms ZFC of set theory [14]. Therefore, (†), and thus the conclusions of both Theorem 2.8 and Corollary 2.9, are consistent with ZFC.

Axiom (†) can be viewed as rather mild additional set-theoretic assumption beyond ZFC. Indeed, the negation of (†) is equiconsistent with the existence of large cardinals. Let SCH denote the so-called Singular Cardinal Hypothesis: For every singular cardinal κ, if 2^{cf(κ)} < κ, then κ^{cf(κ)} = κ^+. (Recall that an infinite cardinal κ is called singular if cf(κ) < κ.) It is easy to see that SCH → (†) (see, for example, [14, Theorem 5.22(ii)(b)]). Therefore, ¬(†) → ¬SCH. Dodd and Jensen [5, 6] proved that the consistency of ZFC + ¬SCH implies the existence of an inner model with a measurable cardinal. Hence, to violate (†) one needs the strength of large cardinals. In particular, if the conclusion of either Theorem 2.8 or Corollary 2.9 fails in some model of ZFC, then there must exist a measurable cardinal (in an inner model). Finally, Magidor [16] proved that the consistency of the existence of a supercompact cardinal implies the consistency of ZFC + ¬(†).^2

Proofs of all Theorems above and construction of Example 2.7 are presented in Section 6. Further results about tgw(G) can be found in Sections 7 and 8, while some applications are gathered in Section 9. In particular, in Corollary 9.5 we apply our results on tgw(G) to solve the problem of computation of the precise value of the generating rank of semidirect products raised by Hofmann and Morris in [12]. As a by-product, we also provide completely self-contained topological proofs of a series of highly non-trivial results from Chapter 12 of the monograph by Hofmann and Morris [13].

3 Folklore facts

For topological spaces X and Y we use C(X, Y ) to denote the family of all continuous maps from X to Y . No topology is assumed on C(X, Y ). The following two lemmas are probably a part of topological folklore.

Lemma 3.1 Let X be a compact space and H a separable metric space. Then |C(X, H)| ≤ w(X)^ω. Proof. Let C be a countable base for the topology of H, and let B be a base for the topology of X such that |B| ≤ w(X). Let V be the family of all open F_σ-subsets of X. By compactness of X, for every V ∈ V there exists a countable subset B_V of B such that V = ⋃ B_V . Therefore, |V| ≤ |B|^ω ≤ w(X)^ω. Since H is a separable metric space, each U ∈ C is an open F_σ-subset of H. Therefore, if U ∈ C and f ∈ C(X, H), then f^{−1}(U) ∈ V by continuity of f. Now notice that for every f ∈ C(X, H) the family {f^{−1}(U) : U ∈ C} ⊆ V^C uniquely determines f. This implies that |C(X, H)| ≤ |V^C | ≤ |V|^ω ≤ (w(X)^ω)^ω = w(X)^ω. QED

Lemma 3.2 Let X be a totally disconnected compact space and H be a discrete space. Then |C(X, H)| ≤ w(X) · |H|. 2Assuming the existence of a supercompact cardinal, Magidor [16] produced a model M of ZFC in which 2^{ωn} = ω_{n+1} for every natural number n, while 2^{ωω} = ω_{ω+2}. To show that ¬(†) holds in M, it suffices to note that κ = ω_{ω+1} violates (†). Indeed, since 2^{ωn} = ω_{n+1} for every natural number n, we must have 2^{ωω} = (ω_ω)^ω, which implies

κ^ω = (ω_{ω+1})^ω ≥ (ω_ω)^ω = 2^{ωω} = ω_{ω+2} = κ^+ > κ.

Proof. Since X is compact and totally disconnected, it is zero-dimensional, i.e. the family E of all clopen (=both open and closed) subsets of X is a base for its topology [9, Theorem 6.2.9]. Let B be a base for the topology of X such that |B| ≤ w(X). Since each E ∈ E is a clopen subset of X, E = ⋃ B_E for some B_E ∈ [B]^{<ω} by compactness of E. (As usual, [Z]^{<ω} denotes the family of all finite subsets of a set Z.) Therefore, |E| ≤ |[B]^{<ω}| ≤ ω · |B| ≤ w(X). Let f ∈ C(X, H). Then f(X) is a compact subset of the discrete group H, and so f(X) is finite. Therefore, {f^{−1}(h) : h ∈ H} ∈ [E]^{<ω}. This defines an injection from C(X, H) into [E]^{<ω} ×[H]^{<ω}. Therefore, |C(X, H)| ≤ |[E]^{<ω}|·|[H]^{<ω}| ≤ ω ·|E|·|H| ≤ w(X) · |H|. QED The following result about compact connected groups is perhaps a part of folklore:

Theorem 3.3 (Universal compact connected group of a given weight) There exists a sequence {L_n : n ∈ N} of compact connected simple Lie groups L_n such that every compact connected group of weight ≤ τ is a quotient group of the group G_τ = ^Q τ × ∏_{n∈N} Lτ_n, where ^Q is the Pontryagin dual of the discrete group Q of rational numbers. (Note that G_τ is a connected group of weight τ.)

Proof. It follows from the Varopoulos Theorem [21] that a connected compact group G of weight τ is a quotient group of the direct product A×L, where L = ∏ n∈N L^τ_n is as in the conclusion of our theorem and A is the connected component of the center of G. Therefore, A is a connected compact Abelian group with w(A) ≤ w(G) = τ, and so the Pontryagin dual ^A of A is a discrete torsion-free Abelian group of cardinality ≤ τ. Then ^A is contained in a torsion-free divisible group H of cardinality τ. Since H is a linear space over Q, H is algebraically isomorphic to the direct sum of τ many copies of Q, and so ^H ∼= ^Q^τ . Taking the Pontryagin duals again, we get a continuous surjective homomorphism ^H ∼= ^Q^τ → A that must be a quotient homomorphism as the groups are compact. Therefore, G is a quotient group of ^Q^τ × ∏ n∈N L^τ_n. QED 4 Facts about super-sequences, tgw(G) and seq(G)

Definition 4.1 A super-sequence is a non-empty compact Hausdorff space with at most one non-isolated point. The non-isolated point x^∗ of a super-sequence X, if exists, will be called the limit of X, and we will say that X converges to x^∗.

The choice of the name is motivated by the fact that countable super-sequences are precisely the usual convergent sequences, with the usual meaning of limit and convergence.

Fact 4.2 A Hausdorff space X is a super-sequence if and only if there exists a point x^∗ ∈ X such that the set X \ U is finite for every open set U ⊆ X containing x^∗. Moreover, if a super-sequence X has a limit, then this limit must coincide with x^∗ above.

Our previous fact immediately implies the following

Fact 4.3 A continuous image of a super-sequence is again a super-sequence.

Fact 4.4 If X is a super-sequence topologically generating a topological group G, and x^∗ is the limit of X, then S = {x^∗} ∪ (x^∗)^{−1} · X is a super-sequence topologically generating G and converging to e ∈ S. Moreover, |S| ≤ |X| + 1.

Definition 4.5 Let {G_i : i ∈ I} be a family of topological groups. For every i ∈ I, let S_i be a super-sequence in G_i such that S_i converges to the identity element e_i of G_i whenever S_i is infinite. Identifying each G_i with a subgroup of the direct product G = ∏ i∈I G_i in the obvious way, define S = ⋃ i∈I S_i ∪ {e}, where e is the identity element of G. We will call S the fan of the super-sequences {S_i : i ∈ I} and will denote it by fan_{i∈I} (S_i, G_i). If G_i = G and S_i = S are constant, we write simply fan_I (S, G).

Lemma 4.6 Let {G_i : i ∈ I} and {S_i : i ∈ I} be as in Definition 4.5. Then: (a) |fan_G({S_i : i ∈ I})| ≤ sup{|S_i| : i ∈ I} + |I| + ω, (b) fan_{i∈I} (S_i, G_i) is a super-sequence in G = ∏ i∈I G_i, and (c) if each S_i topologically generates G_i, then fan_{i∈I} (S_i, G_i) topologically generates G. Proof. (a) is obvious.

(b) Follows directly from Fact 4.2, since the set S \ U is finite for every open set U ⊆ G containing e.

(c) S topologically generates G since the closed subgroup generated by fan_{i∈I} (S_i, G_i) contains the direct sum ⨁ i∈I G_i of the groups G_i, and this direct sum is dense in G. QED

Definition 4.7 For a topological group G we define

seq(G) = ω · min{|S| : S ⊆ G is a super-sequence topologically generating G}

provided that G has at least one super-sequence topologically generating it, and we consider seq(G) to be undefined otherwise.

We also agree that, whenever seq(G) appears in print, it implicitly means that seq(G) is defined.

Lemma 4.8 seq (∏ n∈N G_n ) ≤ sup{seq(G_n) : n ∈ N}. Proof. Let τ = sup{seq(G_n) : n ∈ N} and G = ∏ n∈N G_n. Let S_n be a supersequence in G_n topologically generating G_n with |S_n| ≤ seq(G_n) ≤ τ. Since τ is infinite, Fact 4.4 allows us to assume, without loss of generality, that the limit point of S_n, if exists, coincides with e_n, the identity element of G_n. According to Lemma 4.6, the super-sequence S = fan_{n∈N} (S_n, G_n) in G topologically generates G and |S| ≤ τ. Hence seq(G) ≤ ω · |S| ≤ τ. QED In the sequel we prove that equality holds in the lemma (see Theorem 7.1 combined with Theorem 8.1).

Fact 4.9 If H is a quotient group of a compact group G, then tgw(H) ≤ tgw(G).

Proof. Let π : G → H be the quotient map and let X be a closed subset of G topologically generating G such that w(X) = tgw(G). Since G is compact, so are X and Y = π(X). In particular, Y is closed in H. Since Y is a continuous image of X, it follows that w(Y ) ≤ w(X) (see, for example, [9, Theorem 3.1.22]). Since X topologically generates G, one concludes that Y topologically generates H. Therefore, tgw(H) ≤ w(Y ) ≤ w(X) = tgw(G). QED

Lemma 4.10 If H is a closed normal subgroup of a compact group G, then tgw(G) ≤ tgw(H) · w(G/H). Proof. Let π : G → G/H be the quotient homomorphism. According to results of Hofmann and Morris [12] (see also Section 1), G has a suitable set X. Since G is compact, X must be a super-sequence X topologically generating G. Since the image π(X) of X is a super-sequence in G/H (Fact 4.3), it follows that |π(X)| ≤ w(π(X)) ≤ w(G/H). For every y ∈ π(X) \ {π(e)} choose x_y ∈ X such that π(x_y) = y. Then X^′ = {x_y : y ∈ π(X) \ {π(e)}} ∪ {e} is a super-sequence such that π(X^′) = π(X). Since X topologically generates G, π(X^′) = π(X) topologically generates G/H. Clearly |X^′| ≤ ω · |π(X)| ≤ w(G/H). Let K be a compact set in H such that w(K) = tgw(H) and K topologically generates H. Now X^′ ∪ K is a compact (and thus closed) set in G. Since w(X^′ ∪ K) ≤ tgw(H) · w(G/H), it remains only to prove that X^′ ∪ K topologically generates G.

Let N be a closed subgroup of G that contains X^′ ∪ K. Since N is compact, π(N) is a compact subgroup of G/H. In particular, π(N) is closed in G/H. Since π(X^′) ⊆ π(N) and π(X^′) topologically generates G/H, we conclude that π(N) = G/H. Since K topologically generates H and K ⊆ N, we conclude that H ⊆ N. From both π(N) = G/H and H ⊆ N it now follows that G ⊆ N. QED

5 Topologically finitely generated groups without proper open subgroups

We say that a topological group G is topologically finitely generated if G has a finite subset topologically generating it.

Lemma 5.1 For a topological group G the following conditions are equivalent:

(a) G is topologically finitely generated and has no proper open subgroups,

(b) every non-empty open set U ⊆ G contains a finite subset topologically generating G.

Proof. Obviously, (b) implies (a). Let us prove that (a) implies (b). Assume that G is a topologically finitely generated group without proper open subgroups. Let X be a finite subset of G topologically generating G; that is, the subgroup N = ⟨X⟩ of G is dense in G.

First we shall prove a special case of our item (b) when e ∈ U.The subgroup H = ⟨N ∩ U⟩ of N is obviously open in N, hence also closed in N. Since U is open in G and N is dense in G, we have ∅ ≠ U ⊆ U = N ∩ U ⊆ ⟨N ∩ U⟩ = H, where the bar denotes the closure in G. Therefore, H is an open subgroup of G, and our hypothesis gives H = G. Now closedness of H in N yields H = H ∩N = G∩N = N. We have proved in this way that X ⊆ N = H = ⟨N ∩ U⟩. In particular, for each x ∈ X there exists a finite set F_x ⊆ N ∩ U such that x ∈ ⟨F_x⟩. Clearly, the set F = ⋃ x∈X F_x ⊆ U is finite and N = ⟨X⟩ ⊆ ⟨F ⟩. Since N is dense in G, it follows that F topologically generates G.

Now we shall consider the general case. Let U ≠ ∅ be an arbitrary open subset of G. Then V = UU^{−1} is an open subset of G with e ∈ V , and the special case of item (b) proved above implies the existence of a finite set Φ ⊆ V topologically generating G. For each g ∈ Φ one can find y_g, z_g ∈ U such that g = y_gz^{−1}_g . Now F = ⋃ g∈Φ{y_g, z_g} is a finite subset of U such that ⟨F ⟩ ⊇ ⟨Φ⟩. Since the latter set is dense in G, F topologically generates G. QED

Theorem 5.2 Let G be a metric topologically finitely generated group without proper open subgroups. Then seq(G^{τ ω} ) ≤ τ for every infinite cardinal τ.

Proof. Fix an infinite cardinal τ. We agree to consider τ^ω as the set of all functions f : ω → τ from ω to τ. For f ∈ τ^ω and n ∈ ω let f ↾ n ∈ τ^n be the restriction of the function f to the set n = {0, 1, . . . , n − 1}. For every finite subset F of τ^ω denote by π_F the canonical projection G^{τ ω} → G^F . If F = {f} is a singleton, write simply π_f instead of π_{{f}}.

Fix a decreasing open base {U_n : n ∈ ω} at the identity element e of G such that U_0 = G. For g ∈ G \ {e} the natural number

v(g) = max{n ∈ N : g ∈ U_n} (2)

is well-defined, so for each h ∈ τ^ω we can define a function x_{g,h} ∈ G^{τ ω} as follows: x_{g,h}(f) = { g, if f ↾ v(g) = h↾ v(g), e, if f ↾ v(g) ≠ h↾ v(g) for all f ∈ τ ω. (3) Claim 5.2.1 If g ∈ G \ {e}, then:

(i) x_{g,h} = x_{g,h}′ whenever h, h^′ ∈ τ^ω and h↾ v(g) = h^′ ↾ v(g), (ii) x_{g,h}(f) ∈ U_{v(g)} for all f ∈ τ^ω, (iii) |{x_{g,h} : h ∈ τ^ω}| ≤ τ.

Proof. Note that g ∈ U_{v(g)} by (2), so items (i) and (ii) follow immediately from (3). Furthermore, (i) implies |{x_{g,h} : h ∈ τ^ω}| ≤ τ^{v(g)} = τ. QED

For each n ∈ ω use Lemma 5.1 to fix a finite set S_n ⊆ U_n topologically generating G. Without loss of generality, we will assume that e ∉ S_n. Define S = ⋃_∞ n=1 S_n and note that S ∪ {e} is a (super)sequence in G converging to e.

Define X = {x_{g,h} : g ∈ S, h ∈ τ^ω}. Since S is countable, Claim 5.2.1(iii) yields

Claim 5.2.2 |X| ≤ τ.

Claim 5.2.3 X \ π^{−1}_f (U_k) is finite whenever f ∈ τ^ω and k ∈ ω.

Proof. Fix f ∈ τ^ω and k ∈ ω. Since the set S \ U_k is finite, it suffices to prove that X \ π^{−1}_f (U_k) ⊆ {x_{g,f} : g ∈ S \ U_k}. Suppose that g ∈ S, h ∈ τ^ω and x_{g,h} ∉ π^{−1}_f (U_k). Then x_{g,h}(f) = π_f (x_{g,h}) ∉ U_k. If k ≤ v(g), then x_{g,h}(f) ∈ U_{v(g)} ⊆ U_k by Claim 5.2.1(ii) and monotonicity of the sequence {U_n : n ∈ ω}, which gives a contradiction. Therefore, we must have v(g) < k, which yields g ∉ U_k by (2). We have proved that g ∈ S \ U_k. Finally, note that f ↾ v(g) ≠ h ↾ v(g) implies x_{g,h}(f) = e ∈ U_k by (3), which again gives a contradiction. Hence, we must have f ↾ v(g) = h ↾ v(g), which yields x_{g,f} = x_{g,h} by Claim 5.2.1(i). QED

Claim 5.2.4 X ∪ {1} is a super-sequence, where 1 is the identity element of the group G^{τ ω} .

Proof. According to Fact 4.2, it suffices to prove that the set X \ W is finite for every open subset W of G^{τ ω} containing 1. Since {U_n : n ∈ ω} is a decreasing open base at e, there exist k ∈ ω and a finite set F ⊆ τ^ω such that ⋂ f∈F π^{−1}_f (U_k) ⊆ W . Now note that X \ W ⊆ X \ ⋂ f∈F π^{−1}_f (U_k) = ⋃ f∈F X \ π^{−1}_f (U_k), and the latter set is finite by Claim 5.2.3. QED

Claim 5.2.5 π_F (X) topologically generates G^F for every finite subset F of τ^ω.

Proof. Fix an n ∈ ω such that f^′ ↾ n ≠ f^{′′} ↾ n whenever f^′, f^{′′} ∈ F and f^′ ≠ f^{′′}. Since S_n topologically generates G, fan_F (S_n, G) topologically generates G^F by Lemma 4.6. Therefore, it suffices to prove that fan_F (S_n, G) \ {e_F } ⊆ π_F (X), where e_F is the identity element of G^F .

Indeed, pick y ∈ fan_F (S_n, G) \ {e_F } arbitrarily. By Definition 4.5 there exist h ∈ F and g ∈ S_n such that y(h) = g and y(f) = e for all f ∈ F \ {h}. Note that x_{g,h}(h) = g = y(h) by (3). Let f ∈ F \ {h}. Since g ∈ S_n ⊆ U_n, we have n ≤ v(g) by (2), and so f ↾ n ≠ h ↾ n implies f ↾ v(g) ≠ h ↾ v(g). Now (3) yields x_{g,h}(f) = e = y(f). We have proved that y = π_F (x_{g,h}) ∈ π_F (X). QED

Claim 5.2.6 X ∪ {1} topologically generates G^{τ ω} .

Proof. We need to prove that the subgroup H = ⟨X⟩ of G^{τ ω} is dense in G^{τ ω} . Let W be an arbitrary non-empty open subset of G^{τ ω} . Then there exist a finite subset F of τ^ω and a non-empty open subset V of G^F such that π^{−1}_F (V ) ⊆ W . By Claim 5.2.5, ⟨π_F (X)⟩ = π_F (⟨X⟩) = π_F (H) is dense in G^F , so π_F (H) ∩ V ≠ ∅. Therefore, ∅ ≠ H ∩ π^{−1}_F (V ) ⊆ H ∩ W . QED

Finally, from Claims 5.2.2, 5.2.4 and 5.2.6 one gets seq(G^{τ ω} ) ≤ τ. QED

Since connected groups do not have proper open subgroups, our next corollary immediately follows from Theorem 5.2.

Corollary 5.3 Let G be a connected metric topologically finitely generated group. Then seq(G^{τ ω} ) ≤ τ for every infinite cardinal τ.

6 Computation of tgw(G)

For topological groups G and H we will use Hom(G, H) to denote the family of all continuous homomorphisms from G to H. No topology is assumed on Hom(G, H).

Lemma 6.1 Let X be a subset of a topological group G. Assume that X topologically generates G. Then |Hom(G, H)| ≤ |C(X, H)| for every topological group H. Proof. Define a map f : Hom(G, H) → C(X, H) by f(π) = π|_X for π ∈ Hom(G, H). We claim that f is an injection. Indeed, assume that π, ϖ ∈ Hom(G, H) and f(π) = f(ϖ). Then π|_X = ϖ|_X . Since both π and ϖ are group homomorphisms from G to H, one has π|_{⟨X⟩} = ϖ|_{⟨X⟩}, where ⟨X⟩ is the smallest subgroup of G that contains X. Since ⟨X⟩ is dense in G, continuity of π and ϖ implies now that π = ϖ. QED Lemma 6.2 tgw(G) ≥ w(G) for a compact totally disconnected group G.

Proof. Let X be a closed subset of G that topologically generates G. Since G is compact and totally disconnected, it is profinite, i.e. its topology is determined by the family of all continuous homomorphisms into finite discrete groups [10]. Let H be one of these discrete groups. Since G is totally disconnected, so is X. Therefore |C(X, H)| ≤ w(X) by Lemma 3.2. In view of Lemma 6.1, we also have |Hom(G, H)| ≤ |C(X, H)|. Since there are only countably many pairwise nonisomorphic finite discrete groups, it now follows that w(G) ≤ ω · w(X) = w(X). This proves w(G) ≤ tgw(G). QED

Proof of Theorem 2.1: By Lemma 6.3 tgw(G) ≥ w(G) for a totally disconnected compact group G. Now (1) finishes the proof.

Lemma 6.3 tgw(G) ≥ w(G/c(G)) for a compact group G.

Proof. Since G/c(G) is totally disconnected, Fact 4.9 and Lemma 6.2 imply tgw(G) ≥ tgw(G/c(G)) ≥ w(G/c(G)). QED Theorem 6.4 tgw(G) ≥^ω √ w(G) for every compact group G.

Proof. Let G be a compact group topologically generated by its closed subset X with w(X) = tgw(G). By Peter-Weyl-van Kampen theorem [10] the topology of G is determined by the set of its homomorphisms into the compact metric group H = ∏ n∈N U(n), where U(n) is the group of unitary n × n matrices over the complex number field. Combining Lemmas 6.1 and 3.1 we obtain |Hom(G, H)| ≤ |C(X, H)| ≤ w(X)^ω = tgw(G)^ω. This permits to conclude that w(G) ≤ tgw(G)^ω. Therefore^ω √ w(G) ≤ tgw(G). QED Lemma 6.5 tgw(G) ≤^ω √ w(G) for a compact connected group G.

Proof. Let τ =^ω √ w(G). By Theorem 3.3, G is a quotient group of the group H = ^Q^{w(G)} × ∏ n∈N L^{w(G)}n for a suitable sequence {L_n : n ∈ N} of compact connected simple Lie groups L_n. Since w(G) ≤ τ^ω, H is a natural quotient group (under the projection map) of the group K^{τ ω} , where K = ^Q × ∏ n∈N L_n. Therefore tgw(G) ≤ tgw(H) ≤ tgw(K^{τ ω} ) by Fact 4.9. It remains only to prove that tgw(K^{τ ω} ) ≤ τ.

Since ^Q is monothetic, and so topologically finitely generated, we have seq(^Q^{τ ω} ) ≤ τ by Corollary 5.3. According to the classical result of Kuranishi [15], each L_n has a dense subgroup generated by two elements, so again seq(L^{τ ω}_n ) ≤ τ by Corollary 5.3. Now Lemma 4.8 allows us to conclude that seq ( ^Q τ^ω × ∏_{n∈N} Lτ^ω_n ) ≤ τ. Since K^{τ ω} is (topologically) isomorphic to ^Q^{τ ω} × ∏ n∈N L^{τ ω}_n , we get tgw(K^{τ ω} ) ≤ seq(K^{τ ω} ) ≤ τ. QED Proof of Theorem 2.2: Combine Theorem 6.4 and Lemma 6.5.

Proof of Theorem 2.3: Let G be a compact group. By Lemmas 4.10 and 6.5 we have tgw(G) ≤ tgw(c(G)) · w(G/c(G)) ≤^ω √ w(c(G)) · w(G/c(G)). On the other hand, Theorem 6.4 implies tgw(G) ≥^ω √ w(G) ≥^ω √ w(c(G)) (since the function^ω √ − is monotone). Combining this with Lemma 6.3, one concludes that ω√ w(c(G)) · w(G/c(G)) ≤ tgw(G). Fact 6.6 [14, Theorem 5.20(iii)(a)] Suppose that κ is a cardinal, cf(κ) > ω and τ^ω ≤ κ for each cardinal τ < κ. Then κ^ω = κ.

Lemma 6.7 If τ is a cardinal such that cf (^ω √ τ ) > ω, then^ω √ τ = τ = τ^ω.

Proof. Define κ =^ω √ τ. Let α < κ be an arbitrary ordinal. If |α|^ω ≥ κ, then |α|^ω ≥ κ^ω ≥ τ because κ =^ω √ τ . Therefore, κ ≤ |α|, in contradiction with |α| < κ.

We have proved that |α|^ω < κ for every ordinal α < κ. Now κ^ω ≤ κ by Fact 6.6. Since τ ≤ κ^ω by the definition of^ω √ τ , we get τ ≤ τ^ω ≤ κ^ω ≤ κ ≤ τ. This proves κ = τ = τ^ω. QED

Proof of Theorem 2.5: Let τ = w(G) and κ = tgw(G). Then κ =^ω √ τ by Theorem 2.2. If cf(κ) = ω, then κ < κ^ω [14, Corollary 5.14]. If cf(κ) > ω, then κ = τ = τ^ω by Lemma 6.7, which yields κ^ω = κ.

Lemma 6.8 For every infinite cardinal σ there exist successor (thus regular) cardinals τ ≥ σ and κ ≥ σ such that cf(^ω √ τ ) = ω and cf(^ω √ κ) > ω. Proof. Let λ > σ be any cardinal with cf(λ) = ω. Define τ = λ^+ and κ = (λ^ω)^+. Then λ^ω > λ [14, Corollary 5.14], and thus λ^ω ≥ τ. It follows that^ω √ τ ≤ λ < τ ≤ (^ω √ τ)^ω. Thus cf(^ω √ τ ) = ω by Lemma 6.7. Finally, note that^ω √ κ = κ, and so cf(^ω √ κ) = cf(κ) > ω as κ is a regular cardinal. QED

Construction of Example 2.7: Combine Lemma 6.8 and Theorem 2.2.

Proof of Theorem 2.8: Let G be a compact group with w(G) > c. (i) Assume first that w(G/c(G)) < w(G) = ρ^+, where ρ is a limit cardinal with cf(ρ) = ω. Clearly, w(G/c(G)) ≤ ρ.

Let us prove that^ω √ ρ^+ = ρ. Since cf(ρ) = ω, we have ρ^ω > ρ by [14, Corollary 5.14]. Hence,^ω √ ρ^+ ≤ ρ. To prove the reverse inequality, let κ < ρ be an arbitrary cardinal. Since κ^+ is a regular cardinal, cf(κ^+) = κ^+ > ω, and so (κ^+)^ω = κ^+ by (†). Therefore, κ^ω ≤ (κ^+)^ω = κ^+ ≤ ρ < ρ^+. This implies^ω √ ρ^+ ≥ ρ.

Since w(G/c(G)) < w(G) and w(G) = w(c(G)) · w(G/c(G)), one has w(G) = w(c(G)), and so^ω √ w(c(G)) =^ω √ w(G) =^ω √ ρ^+ = ρ. Now from Theorem 2.3 and w(G/c(G)) ≤ ρ, we conclude that tgw(G) =^ω √ w(c(G)) · w(G/c(G)) = ρ. (ii) Suppose now that tgw(G) < w(G). Define ρ = tgw(G). Corollary 2.4 yields ρ ≤ w(G) ≤ ρ^ω. Since w(G) > c, we must have ρ > c. If cf(ρ) > ω, then ρ^ω = ρ by (†), which implies ρ = w(G), a contradiction. Therefore, cf(ρ) = ω, and thus ρ^ω ≥ ρ^+ by [14, Corollary 5.14]. Note that ρ^+ is a regular cardinal, so cf(ρ^+) = ρ^+ > ω. Since c < ρ < ρ^+, we have ρ^ω ≤ (ρ^+)^ω = ρ^+ by (†). Therefore, w(G) ≤ ρ^ω = ρ^+. Since ρ < w(G), it follows that w(G) = ρ^+.

Proof of Theorem 2.10: Assume that (†) fails. Then there exists a cardinal κ ≥ c such that cf(κ) > ω and κ^ω > κ. Applying Fact 6.6, we can find a cardinal τ < κ such that τ^ω > κ. Note that G = T^{τ ω} is a compact connected Abelian group with w(G) = τ^ω, so tgw(G) =^ω √ τ^ω ≤ τ by Theorem 2.2. Since tgw(G)^+ ≤ τ^+ ≤ κ < τ^ω = w(G), neither tgw(G) = w(G), nor tgw(G)^+ = w(G) holds.

7 Categorical properties of tgw(G)

7.1 Direct and semidirect products

In this section we collect some natural properties of tgw(G) concerning products which follow easily from our explicit formulae. Our first result gives a rule for computing the topologically generating weight of arbitrary direct products of compact groups:

Theorem 7.1 Let {G_α : α ∈ A} be a family of non-trivial compact groups and C = {α ∈ A : G_α is connected}. Then tgw ( ∏ α∈A G_α ) =^ω √ |A| · (|A \ C| + 1) · sup{tgw(G_α) : α ∈ A}. (4) Proof. Define G = ∏ α∈A G_α and D = {α ∈ A : G_α is totally disconnected}.

Since c(G_α) are non-trivial if and only of α ∈ A \ D, and c(G) = ∏ α∈A c(G_α) ∼= ∏ α∈A\D c(Gα), we have w(c(G)) = w ( ∏ α∈A c(G_α) ) = (|A \ D| + 1) · sup{w(c(G_α)) : α ∈ A}. Combining this with the fact that the function^ω √ − commutes with suprema, and noting that^ω √ τ + 1 =^ω √ τ , we get ω√ w(c(G)) =^ω √ |A \ D| · sup{^ω √ w(c(G_α)) : α ∈ A}. (5) Note that |G/c(G_α)| ≥ 2 if and only if α ∈ A\C, so from G/c(G) = ∏ α∈A G_α/c(G_α) ∼= ∏ α∈A\C Gα/c(Gα) we conclude that w(G/c(G)) = w ( ∏ α∈A G_α/c(G_α) ) = (|A \ C| + 1) · sup{w(G_α/c(G_α)) : α ∈ A}. (6) For each α ∈ A, from Theorem 2.3 we get ω√ w(c(G_α)) · w(G_α/c(G_α)) = tgw(G_α). (7) Since all groups G_α are non-trivial, D ⊆ A \ C, and so^ω √ D · (|A \ C| + 1) = ω · (|A \ C| + 1), which implies ω√ |A \ D|·(|A\C|+1) =^ω √ |A \ D|·^ω √ |D|·(|A\C|+1) =^ω √ |A|·(|A\C|+1). (8) Now the conclusion of our theorem follows from Theorem 2.3, (5), (6), (7) and (8). QED

Theorem 7.2 If the compact group G is a semidirect product G = N ⋊ G/N, then tgw(G) = tgw(N) · tgw(G/N). Proof. Set for convenience H = G/N and note that w(G) = w(N) · w(H). Let π : G → H be the quotient homomorphism, and let π^′ : G → N be the continuous projection (note that π^′ need not be a homomorphism).

We start the proof with the special case when G is connected. Being continuous images of the connected space G, both N and H are connected. Theorem 2.2 yields tgw(G) =^ω √ w(G) =^ω √ w(N) · w(H) =^ω √ w(N) ·^ω √ w(H) = tgw(N) · tgw(H). In the general case, by making use of the continuous projections π and π^′, we get c(G) = c(N) ⋊ c(H). Hence tgw(c(G)) = tgw(c(N)) · tgw(c(H) by the special case proved above. The isomorphisms G/c(G) ∼= (N ⋊ H)/(c(N) ⋊ c(H)) = N/c(N) ⋊ H/c(H) yield w(G/c(G)) = w(N/c(N)) · w(H/c(H)). Therefore, from Theorems 2.2 and 2.3 we get tgw(G) = tgw(c(G)) · w(G/c(G)) = tgw(c(N)) · tgw(c(H)) · w(N/c(N)) · w(H/c(H)) = tgw(N) · tgw(H). QED 7.2 Monotonicity of the function tgw(−) with respect to closed subgroups

If N is a closed subgroup (or even a subspace) of a topological group G, then w(N) ≤ w(G). Our next example demonstrates that the counterpart of this inequality for the topologically generating weight does not hold.

Example 7.3 If τ is an infinite cardinal such that τ^ω > τ and N is a closed totally disconnected subgroup of the compact group G = T^{τ ω} with w(N) = τ^ω (for example, N = {x ∈ T^{τ ω} : 2x = 0} will do the job), then tgw(N) = τ^ω > τ ≥^ω √ τ^ω = tgw(G) by Theorems 2.1 and 2.2.

In the proof of our next theorem we need the following (perhaps folklore) lemma which is of independent interest. We decided to give a self-contained topological proof of Lemma 7.4 instead of a standard proof using the structure theory of compact connected groups.

Lemma 7.4 Let G be a compact connected group of uncountable weight. Then for every cardinal κ satisfying ω_1 ≤ κ ≤ w(G) the following holds:

(i) G has a connected closed normal subgroup K_κ such that w(K_κ) = κ, (ii) G has a totally disconnected closed subgroup N_κ such that w(N_κ) = κ.

Proof. We will need the following

Claim 7.4.1 Assume that {H_i : i ∈ I} is a family of compact metric groups, G is a compact group, f : ∏ i∈I H_i → G is a surjective group homomorphism and κ is a cardinal satisfying ω_1 ≤ κ ≤ |I|. Moreover, assume that D_i is a dense subset of H_i for every i ∈ I. Then there exist a faithfully indexed family {i_α : α ∈ κ} ⊆ I and a family {x_α : α ∈ κ} such that x_α ∈ D_{iα} and f(x_α) ∉ {f(x_β) : β < α} whenever α ∈ κ. Proof. For every J ⊆ I we identify K_J = ∏ i∈J H_i with a subgroup of ∏ i∈J H_i in a canonical way. By transfinite induction on α ∈ κ we will define i_α ∈ I \ {i_β : β < α} and x_α ∈ D_{iα} such that f(x_α) ∉ {f(x_β) : β < α}. Suppose that α ∈ κ and we have already defined the required i_β and x_β for all β < α. Let I_α = {i_β : β < α} and J_α = I \ I_α. Then N_α = f(K_{Iα} ) is a compact (and thus closed) subgroup of G. Moreover, w(N_α) ≤ w(K_{Iα} ) ≤ ω · |α| by [9, Theorem 3.1.22]. Since ω · |α| < κ ≤ w(G), it follows that w(N_α) < w(G). If f(H_i) ⊆ N_α for every i ∈ J_α, then f(K_{Jα} ) = f ( ⨁ i∈J_α H_i ) ⊆ N_α = N_α, and thus G = f(K_I ) = f(K_{Iα} ⊕ K_{Jα} ) = f(K_{Iα} ) + f(K_{Jα} ) ⊆ N_α + N_α = N_α, in contradiction with w(N_α) < w(G). Therefore, f(H_{iα} ) \ N_α ≠ ∅ for some i_α ∈ J_α. Since H_{iα} \ f^{−1}(N_α) is a non-empty open subset of H_{iα} , and D_{iα} is dense in H_{iα} , we can pick x_α ∈ D_{iα} . Now note that f(x_α) ∉ N_α = N_α ⊇ {f(x_β) : β < α} by our construction. QED

By Theorem 3.3, there exists a family {H_i : i ∈ I} of compact connected groups with |I| = w(G) and a continuous surjective group homomorphism f : ∏ i∈I H_i → G. For every i ∈ I let D_i be the set of all elements x ∈ H_i such that the subgroup ⟨x⟩ of H_i is totally disconnected. It is well-known that D_i is dense in H_i [20].

Let κ be a cardinal satisfying ω_1 ≤ κ ≤ w(G), and let {i_α : α ∈ κ} ⊆ I and {x_α : α ∈ κ} be as in the conclusion of Claim 7.4.1. Identify K^∗ = ∏ α∈κ H_{iα} and N^∗ = ∏ α∈κ ⟨x_α⟩ with subgroups of ∏ i∈I H_i in a canonical way, and note that N^∗_κ ⊆ K^∗_κ. Being a product of connected compact groups, K^∗_κ is a connected compact group, and so K_κ = f(K^∗_κ) is also connected and compact (thus also closed in G). Being a product of totally disconnected compact group, N^∗_κ is a totally disconnected compact group, and so N_κ = f(N^∗_κ ) is also totally disconnected and compact (thus also closed in G). Moreover, K_κ is a normal subgroup of G.

Since f(x_α) ∉ {f(x_β) : β < α} whenever α ∈ κ, we conclude that w({f(x_α) : α < κ}) ≥ κ. From {x_α : α < κ} ⊆ N^∗_κ it follows that {f(x_α) : α < κ} ⊆ N_κ ⊆ K_κ, and so κ ≤ w({f(x_α) : α < κ}) ≤ w(N_κ) ≤ w(K_κ) ≤ w(K^∗_κ) ≤ κ.

QED In the next theorem we characterize the compact groups G such that the function tgw(-) is monotone with respect to closed subgroups of G.

Theorem 7.5 Let G be a compact group. Then the following are equivalent:

(a) w(c(G)) ≤ ω,

(b) tgw(N) = w(N) for all closed subgroups N of G,

(c) tgw(N) ≤ tgw(H) for any pair N and H of closed subgroups of G such that N ⊆ H. Proof. (a) ⇒ (b). Let N be a closed subgroup of G. Since c(N) ⊆ c(G), we have w(c(N)) ≤ w(c(G)) ≤ ω, and so tgw(N) =^ω √ w(c(N)) · w(N/c(N)) = ω · w(N/c(N)) = w(N/c(N)) = w(N) by Theorem 2.3.

(b) ⇒ (c). If N and H are as in the assumption of (c), then (b) implies tgw(N) = w(N) ≤ w(G) = tgw(G). (c) ⇒ (a) Assume that w(c(G)) > ω. According to Lemma 7.4, there exist closed connected subgroup H of c(G) and a closed totally disconnected subgroup N of c(G) such that N ⊆ H and w(N) = w(H) = ω_1. Now tgw(H) = ω < ω_1 = tgw(N) by Theorems 2.2 and 2.1. This contradicts (c). QED Item (i) of our next corollary strengthens Theorem 2.1.

Corollary 7.6 Let G be a compact group with w(c(G)) ≤ ω. Then:

(i) tgw(G) = w(G), and (ii) tgw(N) ≤ tgw(G) for every closed subgroup N of G.

Another easy case of monotonicity of tgw(−) is provided by the following

Theorem 7.7 If N is a closed subgroup of a compact Abelian group G such that c(N) = c(G), then tgw(N) ≤ tgw(G). Proof. Theorem 2.3 yields tgw(G) =^ω √ w(c(G)) · w(G/c(G)) =^ω √ w(c(N)) · w(G/c(G)) ≥ ω√ w(c(N)) · w(N/c(N)) = tgw(N), where the inequality w(G/c(G)) ≥ w(N/c(N)) follows from the fact that N/c(N) = N/c(G) is isomorphic to a subgroup of G/c(G). QED Yet another instance of monotonicity of tgw(−) is contained in Theorem 7.2 which shows that tgw(N) ≤ tgw(G) whenever a closed subgroup N of a compact group G is a semidirect summand of G.

Our next example demonstrates that Theorem 7.5 fails when one replaces “closed subgroups” in it with “closed normal subgroups”.

Example 7.8 Let L be a simple connected compact Lie group with trivial center. Then tgw(N) ≤ tgw(H) for every cardinal τ and for every pair N ≤ H of closed normal subgroups of L^τ . Indeed, every closed normal subgroup of L^τ has a “rectangular” form L^λ, so monotonicity of the root function and Theorem 2.2 apply.

Remark 7.9 For every infinite cardinal τ, the group L^τ from Example 7.8 has the following property: Every totally disconnected closed normal subgroup of L^τ is trivial. This shows that in item (ii) of Lemma 7.4 the subgroup N_κ need not be normal.

In conclusion we show that, contrary to the case of compact groups with small (metrizable) connected component considered above, in the case of the connected compact groups G the function tgw behaves in an “anti-monotone” way.

Lemma 7.10 Let G be a compact connected group. Then tgw(N) ≥ tgw(G) for every closed subgroup N of G with w(N) = w(G).

Proof. If w(c(N)) = w(N), then tgw(N) ≥^ω √ w(c(N)) =^ω √ w(c(G)) = tgw(G). If w(c(N)) < w(N), then w(N/c(N)) = w(N) = w(G), and therefore tgw(N) ≥ w(N/c(N)) = w(G) ≥ tgw(G). QED 7.3 The “three space problem”

Theorem 7.11 For every closed normal subgroup N of a compact group G the inequality tgw(G) ≤ tgw(N) · tgw(G/N) (9) holds.

Proof. Define G_1 = G/c(G) and note that tgw(G) ≥ w(G_1) by Theorem 2.1. We consider two cases.

Case 1. tgw(G) = w(G_1). Let f : G → G_1 be the canonical homomorphism and N_1 = f(N). Then tgw(N) ≥ tgw(N_1) by Fact 4.9. Since G_1 is totally disconnected, also its subgroup N_1 is totally disconnected, so tgw(N_1) = w(N_1) by Theorem 2.1. Therefore, tgw(N) ≥ w(N_1).

Since G_1 is a compact totally disconnected group, so is its quotient group G_1/N_1, and Theorem 2.1 once again gives tgw(G_1/N_1) = w(G_1/N_1). From G_1/N_1 ∼= G/(c(G) · N) it follows that G_1/N_1 is isomorphic to a quotient group of G/N, and Fact 4.9 implies tgw(G/N) ≥ tgw(G_1/N_1) = w(G_1/N_1). (10) Combining the inequality tgw(N) ≥ w(N_1) obtained above with (10) we get tgw(N) · tgw(G/N) ≥ w(N_1) · w(G_1/N_1) = w(G_1) = tgw(G), where the last equality is due to our hypothesis.

Case 2. tgw(G) > w(G_1). Define α = w(c(G)). If α ≤ w(G_1)^ω, then^ω √ α ≤ w(G_1), and Theorem 2.3 gives tgw(G) =^ω √ w(c(G)) · w(G/c(G)) =^ω √ α · w(G_1) ≤ w(G_1), a contradiction. Therefore

α > w(G_1)^ω and tgw(G) =^ω √ α = tgw(c(G)), (11) according to Theorem 2.3. In particular, α > w(G_1), hence w(G) = w(c(G)) · w(G_1) = α · w(G_1) = α. Now we consider two sub-cases.

Case 2(a). w(N ∩ c(G)) = α. Then w(N) = α, and so tgw(c(G)) ≤ tgw(N ∩ c(G)) by Lemma 7.10. Hence, tgw(G) ≤ tgw(N ∩c(G)) by (11). Since c(N) = c(N ∩c(G)), Theorem 7.7 implies tgw(N ∩ c(G)) = tgw(N). Consequently, tgw(G) ≤ tgw(N), which yields (9).

Case 2(b). w(N ∩ c(G)) < α. Then w(c(G)/(N ∩ c(G)) = w(c(G)) = α. (12) By the second isomorphism theorem for topological groups [10, (2.2)], we have G/(c(G) · N) ∼= (G/N)/((c(G) · N)/N), which yields that (G/N)/(c(G) · N)/N is totally disconnected, and so the connected subgroup (c(G) · N)/N of the group G/N coincides with its connected component c(G/N). Therefore, c(G/N) ∼= (c(G) · N)/N (13) and (G/N)/c(G/N) ∼= (G/N)/(c(G) · N)/N)) ∼= G/(c(G) · N). (14) Since c(G)/(N ∩ c(G)) ∼= (c(G) · N)/N, from (12) and (13) we conclude that w(c(G/N)) = α. Since G/(c(G) · N) is isomorphic to a quotient of G_1 = G/c(G), from (14) we have w((G/N)/c(G/N)) ≤ w(G_1). Combining this with (11), we get w((G/N)/c(G/N))^ω ≤ w(G_1)^ω < α = w(c(G/N)), and hence^ω √ w(c(G/N)) > w((G/N)/c(G/N)). ¿¿From Theorem 2.3 and (11) we finally get tgw(G/N) =^ω √ w(c(G/N)) · w((G/N)/c(G/N)) =^ω √ w(c(G/N)) =^ω √ α = tgw(G), which yields (9). QED

Remark 7.12 Example 7.3 shows that the inequality in Theorem 7.11 cannot be strengthened to the equality tgw(G) = tgw(N) · tgw(G/N). This is also in sharp contrast with the case of the weight because for a closed normal subgroup N of a compact group G the equality w(G) = w(N) · w(G/N) always holds.

8 Proof of the equality tgw(G) = seq(G)

Obviously, the inequality tgw(G) ≤ seq(G) holds for every group G for which seq(G) is defined. In our next theorem we prove that, rather unexpectedly, this inequality becomes an equality for compact groups G:

Theorem 8.1 tgw(G) = seq(G) for every compact group G.

Proof. This theorem is a trivial consequence of a deep result by Hofmann and Morris [13, Proposition 12.29] and our principal Theorem 2.3. Indeed, let G be a compact group. Then seq(G) ≤^ω √ w(c(G)) · w(G/c(G)) by [13, Proposition 12.29], which combined with our Theorem 2.3 yields seq(G) ≤ tgw(G). The reverse inequality tgw(G) ≤ seq(G) holds trivially.

For the sake of completeness of exposition, as well as for the benefit of the curious reader, we are going to show now how a slight modification of our existing proofs yields a self-contained direct proof of this theorem that makes no recourse to the powerful (but highly sophisticated) techniques from the monograph [13].

Claim 8.1.1 [12, Lemma 4.3] If π : G → H is a continuous homomorphism of a topological group G onto a topological group H, then seq(H) ≤ seq(G).

Proof. Let X be a super-sequence in G topologically generating G such that |X| = seq(G). Then π(X) is a super-sequence in H (Fact 4.3) topologically generating H. Therefore, seq(H) ≤ |π(X)| ≤ |X| ≤ seq(G). QED Claim 8.1.2 [13, Theorem 12.25] If G is a compact connected group, then seq(G) ≤ ω√ w(G).^3

Proof. Let τ =^ω √ w(G). Replacing the reference to Lemma 4.9 by the reference to Claim 8.1.1 in the proof of Lemma 6.5, one gets seq(G) ≤ seq(H) ≤ seq(K^{τ ω} ) ≤ τ. QED Since seq(G) ≤ w(G), the following claim is a particular case of [13, Proposition 12.20]:

Claim 8.1.3 If H is a closed normal subgroup of a compact group G, then seq(G) ≤ seq(H) · w(G/H). Proof. A trivial modification of the proof of Lemma 4.10 will do. Since seq(H) is defined, we can replace the original set K from the proof of Lemma 4.10 by a supersequence in H topologically generating H such that |K| = seq(H). Fact 4.4 allows us to assume, without loss of generality, that K converges to e provided that K is infinite. Now one can easily check, using Fact 4.2, that X^′ ∪ K is a super-sequence in G. Since |X^′ ∪ K| ≤ seq(H) · w(G/H) and X^′ ∪ K topologically generates G, we are done. QED From Claims 8.1.3, 8.1.2 and Theorem 2.3, one gets seq(G) ≤ seq(c(G)) · w(G/c(G)) ≤^ω √ w(c(G)) · w(G/c(G)) = tgw(G). The reverse inequality tgw(G) ≤ seq(G) holds trivially. QED

Remark 8.2 Mel’nikov [17] essentially proved that seq(G) = w(G) for a totally disconnected compact group G. Theorem 8.1 implies that this result of Mel’nikov is “equivalent” to our Theorem 2.1.

3Actually, the equality seq(G) =^ω √ w(G) has been proved in [13, Theorem 12.25].

9 Applications to Hofmann-Morris’ generating rank s(G) 9.1 General case

One easily sees that a suitable subset of a compact group G must be a supersequence. Therefore, seq(G) = ω ·s(G) for a compact group G, i.e. s(G) and seq(G) coincide whenever s(G) is infinite. Combining this observation with Theorem 8.1 yields

Corollary 9.1 ω · s(G) = tgw(G) for a compact group G.

This corollary makes all our results about tgw(G) immediately applicable to the study of the generating rank s(G) of a compact group G. Let us explicitly mention only one general result and several particular consequences:

Corollary 9.2 If G is a compact group of infinite generating rank s(G), then s(G) = ω√ w(c(G)) · w(G/c(G)), where c(G) is the connected component of G.

Proof. Since s(G) = seq(G) when s(G) is infinite, it remains only to combine Theorems 2.3 and 8.1. QED

The following property of s(G) is one of the main results of [12] (cf. Theorem 4.14):

Corollary 9.3 s(G)^ω = w(G)^ω for every compact group G with s(G) ≥ 2.

Proof. If s(G) ≥ 2 is finite, then seq(G) = ω · s(G) = ω and thus s(G)^ω = 2^ω. Since G has a finitely generated subgroup, w(G) ≤ 2^ω, and so s(G)^ω = 2^ω = w(G)^ω. If s(G) is infinite, then s(G) = seq(G), and so s(G) = tgw(G) by Theorem 8.1. Now s(G)^ω = tgw(G)^ω = w(G)^ω by Corollary 2.4. QED

Recall that (†) denotes a rather mild additional set-theoretic assumption defined in the paragraph preceding Theorem 2.8. We refer the reader to the text following Theorem 2.10 for the discussion of relative strength of (†) and its consistency with ZFC. Under (†), we obtain a simple rule for computing the generating rank s(G) of compact groups G with w(G) > c.

Corollary 9.4 Assume (†), and let G be a compact group such that w(G) > c. If w(G/c(G)) < w(G) = ρ^+, where ρ is a limit cardinal with cf(ρ) = ω, then s(G) = ρ, and thus s(G)^+ = w(G). Otherwise, s(G) = w(G).

Proof. The assumption w(G) > c yields s(G) > ω. Therefore, s(G) = tgw(G) by Corollary 9.1. Now the conclusion follows from Theorem 2.8. QED

Hofmann and Morris raised in [12, p. 190] the problem^4 of computation of the precise value of the generating rank s(N ⋊ H) of the semidirect product G = N ⋊ H in terms of the generating ranks s(N) and s(H). Our next corollary completely resolves this problem in case of infinite generating ranks. We note that [12, Lemma 4.6] gives a particular property that, even if put in its strongest form, could only prove the inequality seq(N ⋊ H)w(H) ≥ seq(N).

Corollary 9.5 Let G be compact group and let N be a closed normal subgroup of G such that the generating ranks s(N) and s(G/N) are infinite. If the compact group G is a semidirect product G = N ⋊ G/N, then s(G) = s(N) · s(G/N).

Proof. Since s(G) ≥ s(G/N) is also infinite, we have s(G) = seq(G), s(N) = seq(N) and s(N ⋊ G/N) = seq(N ⋊ G/N). Now the conclusion of our theorem follows from Theorems 7.2 and 8.1. QED

We comment further on the relation of our results to those in [13, Chapter 12]. The equality seq(G) =^ω √ w(G) for a compact connected group G was proved for the first time in [13, Theorem 12.25] with the use of free compact topological groups. It follows from our Theorems 2.2 and 8.1.

The inequality seq(G) ≤^ω √ w(c(G)) · w(G/c(G)) for a compact group G was proved in [13, Proposition 12.29] by means of free compact topological groups and the powerful [13, Global Cross Section Theorem for Totally disconnected base spaces 10.35]. In fact, the stronger equality seq(G) =^ω √ w(c(G)) · w(G/c(G)) immediately follows from our Theorems 8.1 and 2.3.

The “three space inequality” seq(G) ≤ seq(N) · seq(G/N) for a closed normal subgroup of a compact group G has been proved in [13, Proposition 12.20] by means of [13, Global Cross Section Theorem for Totally disconnected base spaces 10.35]. It follows from our Theorems 7.11 and 8.1.

Remark 9.6 (a) Proposition 12.30 (iv) from [13] establishes ω · s(G) = w(G/c(G)) for compact groups G with w(G) ≤ c and infinite quotient G/c(G)). This follows also from Theorems 2.3 and 8.1, since^ω √ w(G) =^ω √ w(c(G)) = ω for such a group G. (b) Assume that s(G) is finite. If G is connected, then s(G) = 1 if and only if G is Abelian [13, Proposition 12.30(ii)]; otherwise, s(G) = 2 [13, Proposition 12.30(iii)]. Note that s(G/c(G)) ≤ s(G), so s(G/c(G)) is also finite. Now we know that s(G) ≤ s(c(G)) + s(G/c(G)) [13, Proposition 12.20], where s(c(G)) is either 1 or 2. This establishes the inequality s(G/c(G)) ≤ s(G) ≤ s(G/c(G)) + 2 proved in [13, Proposition 12.30(v)] under the restriction 1 < |G/c(G)| < ω.

Remark 9.7 Let G be a compact group of finite generating rank s(G). Then w(G/c(G)) ≤ ω by Corollary 9.1 and Theorem 2.3. Moreover, w(G) = w(c(G)) · w(G/c(G)) = w(c(G)) · ω = w(c(G)). Clearly, w(G) ≤ c because G is separable.

4Indeed, one reads in p. 190: “Not too much can be said (about the sequential rank of semidirect products of compact groups)”.

9.2 Abelian case

Let P denote the set of prime numbers. For p ∈ P we denote by Z_p the compact group of p-adic integers. Recall also that ^G denotes the Pontryagin dual of G.

Our next result characterizes the compact Abelian groups G of finite generating rank s(G).

Proposition 9.8 Let G be a compact Abelian group and n ∈ N. Then the following are equivalent:

(a) s(G) ≤ n,

(b) w(G) ≤ c and r_p(G/pG) ≤ n for every prime p,

(c) r( ^G) ≤ c and r_p( ^G) ≤ n for every prime p,

(d) G is isomorphic to a quotient group of the group M_n = ^Q^c × ∏ p∈P Z^n_p . Proof. (a) ⇒ (b). Obviously, (a) implies w(G) ≤ c and s(G/pG) ≤ n for every prime p. Since the group G/pG has exponent p, the latter inequality is equivalent to r_p( ^G) ≤ n. (b) ⇒ (c). By standard properties of Pontryagin duality (see [10, 13]), one has r_p( ^G) = r_p(G/pG) and w(G) = ω · r( ^G). (Actually, this proves the equivalence (b) ⇔ (c).)

(c) ⇒ (d). Let D_n denote the discrete group Q^{(c)} ⊕ (⨁ p∈P Z(p^∞)^n ) , where Q^{(c)} is the direct sum of c many copies of Q and Z(p^∞) is the Prüfer p-group. A standard exercise in algebra using our hypothesis (c) allows one to find an injective homomorphism (=monomorphism) f : ^G → D_n. (See, for example, [4, Section 3] for exposition of relevant ideas.) Taking the Pontryagin duals, we conclude that G is isomorphic to a quotient group of the group ^D_n ∼= M_n.

(d) ⇒ (a). Note that T^n equipped with the discrete topology is isomorphic to D_n. Let ι : D_n → T^n be an isomorphism. Taking the Pontryagin duals, we conclude that there exists of a homomorphism ^ι : Z^n ∼= ^T^n → ^D_n ∼= M_n with dense image ([3, Lemma 3.2.4]). This proves that s(G) ≤ s(M_n) ≤ s(Z^n) = n. QED As a final application, we can derive the formula from [13, Proposition 12.17] computing s(G) in terms of the dual group ^G:

Corollary 9.9 If G is a compact Abelian group, then

s(G) = min{τ : (τ + 1)^ω ≥ r( ^G) and r_p( ^G) ≤ τ for every prime p}. (15)

Proof. If s(G) is finite, then (15) follows from Proposition 9.8. Assume now that s(G) is infinite. By the standard properties of Pontryagin duality (see [10, 13]), one has ^c(G) = ^G/t( ^G) and w(c(G)) = | ^c(G)| = | ^G/t( ^G)| = ω · r( ^G), as well as

^ G/c(G) = t( ^G) and w(G/c(G)) = ω · | ^G/c(G)| = ω · |t( ^G)|) = ω · sup_{p∈P}{r_p( ^G)}. Together with Corollary 9.2 this yields

s(G) =^ω √ w(c(G)) · w(G/c(G)) =^ω √ r( ^G) · sup_{p∈P}{r_p( ^G)} = ω · min{τ : (τ + 1)^ω ≥ r( ^G) and r_p( ^G) ≤ τ for every prime p}. (16) To see that this coincides with (15), it suffices to remove ω from (16). This is possible since our hypothesis s(G) ≥ ω and Proposition 9.8 yield that either w(c(G)) = r( ^G) > c or sup_{p∈P}{r_p( ^G)} ≥ ω. QED Remark 9.10 The reader may wonder why in our Definition 4.7 we (apparently artificially) insist on having seq(G) always infinite. There is a good reason for doing so besides the trivial convenience that allows for much nicer formulation of the results (compare, for example, Theorem 8.1 with Corollary 9.1, or Theorem 2.3 with Corollary 9.2).

(a) It follows from our Theorems 8.1 and 2.2 that tgw(G) = seq(G) is a function of w(G) when G is a compact connected group. Quite the contrary, the generating rank s(G) is not a function of w(G) for a compact connected group G. To see this, note that, according to Remark 9.6(b), two connected compact groups G and H of the same weight τ ≤ c may have s(G) = 1 and s(H) = 2 if G is Abelian and H is non-Abelian.

(b) Theorem 2.1 says that tgw(G) is also a function of w(G) when G is a compact totally disconnected group. On the other hand, for every natural number n, there exists a totally disconnected compact group H_n such that w(H_n) = ω (and thus tgw(H_n) = ω by Theorem 2.1) and s(H_n) = n. (Indeed, Proposition 9.8 yields that H_n = Z^n_2 is such a group.) Therefore, s(G) is not a function of w(G) for a compact totally disconnected group G.

(c) In the general case, it follows from our Theorems 8.1 and 2.3 that tgw(G) = seq(G) is a function of two variables w(c(G)) and w(G/c(G)). Let us see that the generating rank s(G) is not a function of w(c(G)) and w(G/c(G)). Indeed, for every pair (τ, n), where τ ≤ c is an infinite cardinal and n is a natural number, there exists a compact Abelian group G_{τ,n} with w(c(G_{τ,n})) = w(G_{τ,n}) = τ, w(G_{τ,n}/c(G_{τ,n})) = ω and s(G_{τ,n}) = n. Indeed, G_{τ,n} = T^τ × Z^n_2 is such a group by Proposition 9.8.

Remark 9.11 All results from Section 2, as well as Theorem 8.1, were exposed by the first named author in March 1998 at the Symposium on General and Geometric Topology in Kyoto, and by the second named author in August 2000 at the First Turkish International Topology Conference in Istanbul. Furthermore, these results were included (without any proofs) in the survey [2].

Acknowledgement: The core of this paper has been written while the first named author was visiting the Department of Mathematics of Ehime University at Matsuyama in February 1998. He takes the opportunity to thank his hosts for the generous hospitality and support.

References

[1] A.V. Arhangel’skiĭ, On the relations between invariants of topological groups and their subspaces, Uspekhi Mat. Nauk 35 (1980), no. 3(213), 3–22 (Russian); English translation: Russian Math. Surveys 35 (1980), no. 3, 1–23 (1981).

[2] D. Dikranjan and C. Milan, Topological groups and their generators, in:

M. Curzio and F. De Giovanni Editors, Topics in Infinite Groups, Quaderni di Matematica, vol. 4, Dipartimento di Matematica, Seconda Univerità di Napoli, 2001, pp. 101–173.

[3] D. Dikranjan, I. Prodanov and L. Stoyanov, Topological groups (Characters, Dualities and Minimal group topologies), Marcel Dekker, Inc., New York–Basel, 1990.

[4] D. Dikranjan and D. Shakhmatov, Forcing hereditarily separable compact-like group topologies on Abelian groups, submitted for publication. Preprint available online at

http://www.math.sci.ehime-u.ac.jp/~dima/papers/cc/

[5] A. Dodd and R. Jensen, The core model, Ann. Math. Logic 20 (1981), 43-75.

[6] A. Dodd and R. Jensen, The covering lemma for K, Ann. Math. Logic 22 (1982), 1-30.

[7] A. Douady, Cohomologie des groupes compacts totalements discontinus, Séminaire Bourbaki 1959/60, Exposé 189, Secrétariat Math. Paris, 1960.

[8] E. van Douwen, The weight of a pseudocompact (homogeneous) space whose cardinality has countable cofinality, Proc. Amer. Math. Soc. 80 (1980), 678– 682.

[9] R. Engelking, General Topology, Helderman Verlag, Berlin. 1989.

[10] E. Hewitt and K.A. Ross, Abstract Harmonic Analysis I , Grundlehren der mathematischen Wissenschaften 115, Springer, Berlin 1963.

[11] K.-H. Hofmann and S.A. Morris, Free compact groups III: Free semisimple compact groups, in: J. Adámek and S. MacLane, eds., Proceedings of the International Conference on Categorical Topology, Prague, 1988 (World Scientific, Singapore 1989) 208–219.

[12] K.-H. Hofmann and S.A. Morris, Weight and c, J. Pure Applied Algebra 68 (1990), 181–194.

[13] K.-H. Hofmann and S.A. Morris, The structure of compact groups. A primer for the student—a handbook for the expert, de Gruyter Studies in Mathematics, 25, Walter de Gruyter & Co., Berlin, 1998.

[14] T. Jech, Set Theory: The Third Millennium Edition, revised and expanded, Springer-Verlag, Berlin, Heidelberg, 2003.

[15] M. Kuranishi, Two-elements generations on semi-simple Lie groups, Kodai Math. Sem. Rep. (1949), 9–10.

[16] M. Magidor, On the singular cardinals problem, Israel J. Math. 28 (1977), 1-33 (part I) and Ann. of Math. (2), 106 (1977), 517-547 (part II).

[17] O. Mel’nikov, Normal subgroups of free profinite groups, Izv. Akad. Nauk SSSR Ser. Mat. 42 (1978), no. 1, 3–25 (Russian); English translation: Math. USSR-Izv. 12 (1978), no. 1, 1–20 (1979).

[18] A. Piskunov, The weight of compactly generated groups, Mat. Zametki, 49, n. 4 (1991) 110–114 (Russian); English translation: Math. Notes 49, no. 3-4 (1991) 406–408.

[19] P. Ribes and L. Zalesskii, Profinite groups, Ergebnisse der Mathematik und ihrer Grenzgebiete. Results in Mathematics and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics, 40, Springer-Verlag, Berlin, 2000.

[20] L. Stoyanov, Weak periodicity and minimality of topological groups, Annuaire Univ. Sofia Fac. Math. Méc. 73 (1978/79) 155–167.

[21] N. Varopoulos, Studies in harmonic analysis, Math. Proc. Cambridge Philos.

Soc. 60 (1964) 465–516.

Dikran Dikranjan

Dipartimento di Matematica e Informatica, Università di Udine Via delle Scienze 206, 33100 Udine, Italy

dikranja@dimi.uniud.it

Dmitri Shakhmatov

Department of Mathematical Sciences, Faculty of Science, Ehime University Matsuyama 790-8577, Japan

dmitri@dpc.ehime-u.ac.jp