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ABSTRACT. Let ¢ denote the cardinality of the continuum. Using forcing we
produce a model of ZFC + CH with 2° “arbitrarily large” and, in this model,
obtain a characterization of Abelian groups G (necessarily of size at most 2°)
which admit:

(i) a hereditarily separable group topology,

(ii) a group topology making G into an S-space,

(iii) a hereditarily separable group topology that is either precompact, or pseu-
docompact, or countably compact (and which can be made to contain no infinite
compact subsets),

(iv) a group topology making G into an S-space that is either precompact,
or pseudocompact, or countably compact (and which also can be made without
infinite compact subset if necessary).

As a by-product, we completely describe the algebraic structure of Abelian
groups of size at most 2¢ which possess, at least consistently, a countably compact
group topology (without infinite compact subsets, if desired).

We also put to rest a 1980 problem of van Douwen about the cofinality of the
size of countably compact Abelian groups.
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All group topologies in this paper are considered to be Hausdorff (and thus Ty-
chonoff). Recall that a topological space X is:

Lindelof if every open cover of X has a countable subcover,

(countably) compact if every (countable) open cover of X has a finite subcover,

pseudocompact if every real-valued continuous function defined on X is bounded,
and

separable if X has a countable dense subset.
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It is well-known that compact — countably compact — pseudocompact, and
“pseudocompact + Lindelof” « compact.

Recall that a topological group G is precompact, or totally bounded, if G is (topo-
logically and algebraically isomorphic to) a subgroup of some compact group. Pseu-
docompact groups are precompact [8], so we have a somewhat longer chain

compact — countably compact — pseudocompact — precompact

of compactness-like conditions for topological groups.

A space X is called hereditarily separable if every subspace of X is separable (in
the subspace topology), and X is said to be hereditarily Lindeldf if every subspace
of X is Lindel6f (in the subspace topology). An S-space is a hereditarily separable
regular space that is not Lindelof [45]. We refer the reader to [46, 47, 32, 55| for
known results about the problem of the existence of S-spaces.

1. MOTIVATION

Our results originate in three diverse areas of mathematics.

The first source of inspiration comes from the celebrated theory of S-spaces in
set-theoretic topology, and especially, a famous 1975 example of Fedorcuk of a hered-
itarily separable compact space of size 2°. In our paper we completely characterize
Abelian groups that admit a group topology making them into an S-space, and
we produce the “best possible analogues” of the Fedorcuk space in the category of
topological groups. As it turns out, a vast majority of Abelian groups admit group
topologies with properties similar to that of the Fedorcuk example.

The second origin lies in topological algebra, where we were motivated by the
problem of which Abelian groups admit a countably compact group topology. We
completely describe, albeit consistently, the algebraic structure of Abelian groups of
size at most 2¢ that admit a countably compact group topology.

Our third motivation comes from the theory of cardinal invariants in general
topology. We resolve completely a 1980 problem of van Douwen about the cofinality
of |G| for a countably compact group G in the case of Abelian groups.

We will now address all three sources of our motivation in detail.

1.1. S-GROUPS A LA FEDORCUK. Recall that |Y| < ¢ for a hereditarily Lindelof
Hausdorff space Y [1], and |X| < 2° for a separable Hausdorff space X [43]. It is
natural to ask whether the last inequality can be strengthened to |X| < ¢ for a
hereditarily separable regular space X. If there are no S-spaces, then every hered-
itarily separable regular space X is hereditarily Lindel6f, and therefore | X| < ¢ by
the result cited above. Todorcevi¢ has proved the consistency with ZFC that S-
spaces do not exist ([54], see also [55]). Therefore, in Todorcevié’s model of ZFC,
hereditarily separable regular spaces have size at most ¢. A first consistent example
of a hereditarily separable Tychonoff space of size 2° has been found by Hajnal and
Juhész [26]. (An exposition of their forcing construction can also be found in [39].)
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Two years later Fedorcuk [22] produced the strongest known example up to date
using his celebrated inverse spectra with fully closed maps (see also [23]):

Example 1.1. The existence of the following “Fedorc¢uk space” X is consistent with
ZFC plus CH:

(i) |X] = 2,

(ii) X is hereditarily separable,

(iii) X is compact, and

(iv) if F' is an infinite closed subset of X, then |F| = |X|; in particular, X does
not contain non-trivial convergent sequences.

The main goal of this paper is to address the question of the existence of “Fedorcuk
space” in the context of topological groups. That is, given a group G, we wonder if it
is possible to find a hereditarily separable Hausdorff group topology on G having the
properties that “Fedorcuk space” has. Since we want to get a hereditarily separable
topology on (G, we have to restrict ourselves to groups G of size at most 2°. One
naturally expects that the presence of algebra may produce additional restrictions
on how good a Fedorcuk type group can be. And this is indeed the case.

First of all, one is forced to relax somewhat the compactness condition from item
(iii) of Example 1.1 because of two fundamental facts about compact groups:

Fact 1.2. (i) Infinite compact groups contain non-trivial convergent sequences.
(i1) Compact hereditarily separable groups are metrizable.

Both facts are folklore and follow from the following result of Hagler, Gerlits and
Efimov: An infinite compact group G contains a copy of the Cantor cube {0, 1}*(©),
where w(G) is the weight of G. An elementary proof of this theorem, together with
some historical discussion, can be found in [49].

Recall that a space X is initially wi-compact if every open cover of size < w; has
a finite subcover. Item (i) of Fact 1.2 is no longer valid, at least consistently, if one
replaces “compact” by “initially wi-compact” in it: It is consistent with ZFC that
there exists an initially w;-compact Hausdorff group topology without non-trivial
convergent sequences on the free Abelian group of size ¢. This result is announced,
with a hint at a proof, in [56].

However, item (ii) of Fact 1.2 remains valid if one replaces “compact” by “initially
wi-compact” in it, see [2]. This means that countable compactness appears to be the
strongest compactness type property among awakenings of classical compactness for
which one may hope to obtain hereditarily separable group topologies, and indeed,
consistent examples of hereditarily separable countably compact groups (without
non-trivial convergent sequences) are known in the literature [27, 52, 38]. This
perfectly justifies countable compactness as our strongest compactness condition of
choice when working with hereditarily separable groups.
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Second, we will have to restrict ourselves to Abelian groups because in the non-
commutative case there are groups (of small size) that do not admit any countably
compact or separable group topology, as follows from our next result:

Proposition 1.3. Let X be a set and S(X) the symmetric group of X.' Then:
(i) S(X) does not admit a separable group topology unless X is countable,
(i1) S(X) admits no countably compact group topology when X is infinite, and
(11i) S(X) does not admit a Lindeldf group topology unless X is countable.

Proof. We equip S(X) with the topology of pointwise convergence on X, i.e. the
topology 7, generated by the family {U(f,F) : f € S(X),F € [X]<¥} as a base,
where U(f, F) = {g € S(X) : g(z) = f(z) for all x € F}. Tt is easy to see that 7,
is a group topology.

Assume that X is an infinite set. For a fixed x € X, the stabilizer S, = {0 €
S(X) :o(x) =2} = Ulidx, {z}) of z is a T,-open subgroup of S(X) of index | X|,
and hence it produces an open cover of S(X) by pairwise disjoint sets (obtained by
taking appropriate unions of cosets of S,) without a subcover of size (strictly) less
than | X|. It follows that the space (S(X), 7,) is not countably compact, and also is
neither separable nor Lindelof when | X| > w.

It is known that 7, is a minimal element in the lattice of all (Hausdorff) group
topologies on S(X), i.e. 7, C T for every (Hausdorff) group topology 7 on S(X)
[25]. This easily yields the conclusion of all three items of our proposition. O

It follows from the above proposition that, for an uncountable set X, the symmet-
ric group S(X) admits neither a separable, nor a countably compact, nor a Lindelof
group topology.? Furthermore, free groups never admit countably compact group
topologies ([12, Theorem 4.7]; see also [14, Corollary 5.14]).

Third, algebraic restrictions prevent us from getting the full strength of item (iv),
as our next example demonstrates:

Example 1.4. Let G = Z(2)9®Z?) be the direct sum of the Boolean group Z(2)
of size ¢ and the free Abelian group Z? of size 2. We claim that, for any Hausdorff
group topology on G, there exists a closed (in this topology) infinite set F such that
|F| < |G|. In fact, F = Z(2)" C G is such a set. Indeed, |F| = ¢ < 2° = |G|, so
it remains only to note that F'is an unconditionally closed subset of G in Markov’s
sense [42]; that is, F' is closed in every Hausdorff group topology on G. The latter

IThat is, S(X) is a set of bijections of X onto itself with the composition of maps as
multiplication.

In particular, no group S(X) admits a Hausdorfl group topology that makes it into an S-
space. This should be compared with substantial difficulties one has to overcome to produce a
model of ZFC in which there are no S-spaces. Furthermore, no group S(X) admits a Hausdorff
group topology that makes it into an L-space (i.e., a hereditarily Lindel6f but not (hereditarily)
separable space). This should be compared with the fact that the consistency of the non-existence
of L-spaces is a well-known problem of set-theoretic topology that remains unresolved.
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follows from the fact that F' = {z € G : 2z = 0} is the preimage of the (closed!) set
{0} under the continuous map that sends = to 2z.

We note that our Theorem 2.7 implies that, in an appropriate model of ZFC,
the group G from the example above does admit a hereditarily separable countably
compact group topology without non-trivial convergent sequences. So the best we
can hope for in our quest for Fedorcuk type group G is to require that G satisfies
the second, weaker, condition from item (iv) of Example 1.1, i.e. that G does not
have any non-trivial convergent sequences. In fact, we will manage to get a stronger
condition: G does not have infinite compact subsets.

1.2. ALGEBRAIC STRUCTURE OF COUNTABLY COMPACT ABELIAN GROUPS. Hal-
mos [28] showed that the additive group of real numbers can be equipped with
a compact group topology and asked which Abelian groups admit compact group
topologies. Halmos’ problem seeking a complete description of the algebraic struc-
ture of compact Abelian groups contributed substantially to the development of
the Abelian group theory, particularly through the introduction of the algebraically
compact groups by Kaplansky [35]. This problem has been completely solved in
29, 31].

The counterpart of Halmos’ problem for pseudocompact groups asking which
Abelian groups can be equipped with a pseudocompact group topology was attacked
in [4, 12, 13, 5, 6, 14] and the significant progress has been summarized in the
monograph [14]. Recall also that every Abelian group admits a precompact group
topology [7].

The question of which Abelian groups admit a countably compact group topol-
ogy appears to be much more complicated. After a series of scattered results
(27, 19, 52, 38, 17, 57] a complete description of the algebraic structure of count-
ably compact Abelian groups of size at most ¢ under Martin’s Axiom MA has been
recently obtained in [18]: MA implies that an Abelian group G of size at most ¢
admits a countably compact group topology if and only if it satisfies both PS and
CC, two conditions introduced in Definition 2.3 below. (In particular, every torsion-
free Abelian group of size ¢ admits a countably compact group topology under MA
[53].) In our Theorem 2.7 and Corollary 2.17(ii) we substantially extend this result
by proving that, at least consistently, the conjunction of PS and CC is both a
necessary and a sufficient condition for the existence of a countably compact group
topology on an Abelian group G of size at most 2°. Moreover, we get both hereditary
separability and absence of non-trivial convergent sequences for our group topology
as a bonus.

This “jump” from ¢ to 2° is an essential step forward. Indeed, amazingly little
is presently known about the existence of countably compact group topologies on
groups of cardinality greater than c¢. Using a standard closing-off argument van
Douwen [20] showed that every infinite Boolean group of size k = k* admits a
countably compact group topology and his argument can easily be extended to
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Abelian groups of prime exponent. It is consistent with ZFC that the Boolean
group of size k has a countably compact group topology provided that ¢ < x < 2°
[58]. (Here 2° can be made “arbitrary large”.) It is also consistent with ZFC that
the free Abelian group of size xk has a countably compact group topology provided
that ¢ < k = k¥ < 2° [36]. Finally, it is well-understood which Abelian groups
admit compact group topologies. Essentially these are the only known results in
the literature about the existence of countably compact group topologies on groups
of cardinality greater than ¢ (even without the additional requirement of hereditary
separability).

While the algebraic description of Abelian groups admitting either a compact
or a pseudocompact group topology can be carried out without any additional
set-theoretic assumptions beyond ZFC, all known results about countably com-
pact topologizations described above have either been obtained by means of some
additional set-theoretic axioms (usually Continuum Hypothesis CH or versions of
Martin’s Axiom MA) or their consistency has been proved by forcing. Even the
fundamental question (raised in [52]) as to whether the free Abelian group of size
¢ admits a countably compact group topology is still open in ZFC. (Recall that no
free Abelian group admits a compact group topology.)

It seems worth noting a peculiar difference between compact and countably com-
pact topologizations of Abelian groups. In the compact case the sufficiency of the al-
gebraic conditions is relatively easy to prove, whereas their necessity is much harder
to establish (see the proof of Theorem 13.2). In the countably compact case the ne-
cessity of PS and CC is immediate (see Lemma 2.5), while the sufficiency is rather
complicated and at the present stage requires additional set-theoretic assumptions.

1.3. VAN DOUWEN’S PROBLEM: IS |G| = |G| FOR A COUNTABLY COMPACT
GROUP G? Tt is well-known that |G| = 2*(©) for an infinite compact group G, where
w(@G) is the weight of G [34]. In particular, the cardinality |G| of an infinite compact
group G satisfies the equation |G| = |G|“. This motivated van Douwen to ask in
[20] the following natural question: Does |G| = |G|“, or at least cf(|G|) > w, hold
for every infinite topological group (or homogeneous space) G which is countably
compact?

In the same paper [20] van Douwen proved that, under the Generalized Continuum
Hypothesis GCH, every infinite pseudocompact homogeneous space G satisfies |G| =
|G|“. In particular, a strong positive answer (with countable compactness weakened
to pseudocompactness, and “topological group” weakened to “homogeneous space”)
to van Douwen’s problem is consistent with ZFC. A first consistent counter-example
to van Douwen’s question has been recently obtained by Tomita [58] who used forcing
to construct a model of ZFC in which every Boolean group of size k has a countably
compact group topology provided that ¢ < k < 2¢ [58, Theorem 2.2]. Here 2¢ can
be made “arbitrary large” so that, for any given ordinal ¢ > 1 chosen in advance,
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one can arrange that ¢ < W, < 2° (in particular, X, can be included in the interval
between ¢ and 2°).

In our Corollary 2.23 we push Tomita’s negative solution to van Douwen’s question
to the extreme limit by demonstrating that, in a sense, the cofinality of |G| for a
countably compact Abelian group G is completely irrelevant: For every ordinal
o > 1 it is consistent with ZFC that every Abelian group G of size N, admits
a countably compact group topology provided that G satisfies PS and CC, two
necessary conditions for the existence of such a topology on G (see Definition 2.3
and Lemma 2.5(ii)).

2. MAIN RESULTS

The major achievement of this paper is a forcing construction of a (class of) special
model(s) of ZFC in which Abelian groups of size at most 2° admit hereditarily
separable group topologies with various compactness-like properties and without
infinite compact subsets. This is done in two steps. First, in Definition 5.3 we
introduce, for every cardinal k > wy, a new set-theoretic axiom V, which implies
¢ = w; and 2° = k. We then apply this new axiom to derive all major results of
our paper “in ZFC”. Second, in Section 12 we use forcing to prove Con(ZFC+c =
w1&2¥" = k)—Con(ZFC+V,). In particular, V, is consistent with ZFC and the
power 2° of the continuum ¢ can be made “arbitrarily large”. The definition of V, is
postponed until Section 5 because it uses the fruitful (albeit rather technical) notion
of an almost n-torsion set essentially introduced (under two different names) in [18].
Relevant properties of almost n-torsion sets are discussed in detail in Section 4.

Our first main result shows that, at least consistently, the inequality |G| < 2°
is the only necessary condition for the existence of a hereditarily separable group
topology on an Abelian group:

Theorem 2.1. Under V,, the following conditions are equivalent for any Abelian
group G:

(i) G admits a separable group topology,

(i) G admits a hereditarily separable group topology,

(i1i) G admits a hereditarily separable precompact group topology without infinite
compact subsets, and

(iv) |G| < 2.

Recall that Todorcevi¢ constructed a model of ZFC in which S-spaces do not exist
([54], see also [55]). Things change dramatically in this model:

Theorem 2.2. In any model of ZFC' in which there are no S-spaces the following
conditions are equivalent for any Abelian group G:

(i) G admits a hereditarily separable group topology,

(i1) G admits a separable metric precompact group topology, and

(iii) |G| < c.
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We would like to emphasize that there are absolutely no algebraic restrictions
(except natural restriction of commutativity) on the group G in the above two
theorems. Algebraic constraints become more prominent when one adds some com-
pactness condition to the mix.

Let G be an Abelian group. As usual 7(G) denotes the free rank of G. For every
natural number n > 1 define G[n] = {9 € G : ng = 0} and nG = {ng : g € G}.
Recall that G is:

torsion provided that G = U{G[n] : n € w\ {0}},
bounded torsion if G = G[n] for some n € w \ {0},
torsion-free if G[n] = {0} for every n € w\ {0}, and
divisible if nG = G for each n € w\ {0}.

We will now introduce three algebraic conditions that will play a prominent role
throughout this paper.

Definition 2.3. For an Abelian group G, define the following three conditions:
PS: Either r(G) > ¢ or GG is a bounded torsion group.
CC: For every pair of integers n > 1 and m > 1 the group mG|[n] is either finite
or has size at least .
tCC: If @ is torsion, then CC holds.

Our next lemma, despite its simplicity, is quite helpful for better understanding
of these conditions:

Lemma 2.4. Let G be an Abelian group.
(i) If G is torsion, then G satisfies PS if and only if G is a bounded torsion group.
(i1) If G is a torsion-free group, then G satisfies PS if and only if |G| > .
(11i) If G is a torsion-free group, then G satisfies CC.
(iv) CC for G implies tCC.
(v) If G is not torsion, then G satisfies tCC.
(vi) If G is torsion and satisfies tCC, then G satisfies CC as well.

Proof. To prove (i) note that 7(G) =0 < ¢ if G is torsion.

(i) If G is a torsion-free group, then condition PS for G becomes equivalent to
r(G) > ¢, and the latter condition is known to be equivalent to |G| > .

(iii) Assume that G is torsion-free. Let n > 1 and m > 1 be natural numbers.
Then G[n] = {0} and hence mG|n| = {0} is finite. Therefore CC holds.

Items (iv), (v) and (vi) are trivial. O

Condition PS is known to be necessary for the existence of a pseudocompact
group topology on an Abelian group G, thereby justifying its name (PS stands
for “pseudocompact”). To the best of the author’s knowledge, this fact has been
announced without proof in [4, Remark 2.17] and [12, Proposition 3.3], and has
appeared in print with full proof in [14, Theorem 3.8].
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It can be easily seen that condition CC is necessary for the existence of a count-
ably compact group topology on an Abelian group G, thereby justifying its name
(CC stands for “countably compact”). Indeed, if G is a countably compact group,
then the set G[n] = {g € G : ng = 0} must be closed in G, and thus G[n]| is
countably compact in the subspace topology induced on G[n| from G. Furthermore,
the map which sends g € G[n] to mg € mG|n| is continuous, and so mG|[n]| must
be countably compact (in the subspace topology). It remains only to note that an
infinite countably compact group has size at least ¢ [20, Proposition 1.3 (a)]. In the
particular case when an Abelian group G has size ¢, the fact that CC is a necessary
condition for the existence of a countably compact group topology on GG has been
proved in [18].

Condition CC has essentially appeared for the first time in [12] where it was
proved that CC is necessary for the existence of a pseudocompact group topology
on a torsion Abelian group.® Since CC and tCC are equivalent for torsion groups
by items (iv) and (vi) of Lemma 2.4, it follows that tCC is a necessary condition
for the existence of a pseudocompact group topology on a torsion group, thereby
justifying our choice of terminology (tCC stands for “torsion CC”). Since tCC
trivially holds for non-torsion groups (see item (vi) of Lemma 2.4), we conclude that
tCC is a necessary condition for the existence of a pseudocompact group topology
on an Abelian group G.

We can now summarize the discussion above in a convenient lemma:

Lemma 2.5. (i) A pseudocompact Abelian group G satisfies PS and tCC.
(i) A countably compact Abelian group G satisfies PS and CC.

In the “opposite direction”, it is known that the combination of PS and tCC
is sufficient for the existence of a pseudocompact group topology on an Abelian
group G of size at most 2° ([12]; see also [14]) and, under Martin’s Axiom MA, the
combination of PS and CC is sufficient for the existence of a countably compact
group topology on an Abelian group G of size at most ¢ [18].

In our next “twin” theorems we establish that these pairs of conditions are, con-
sistently, also sufficient for the existence of a hereditarily separable pseudocompact
and countably compact group topology on a group G of size at most 2°.

Theorem 2.6. Under V,, the following conditions are equivalent for any Abelian
group G:

(i) G admits a separable pseudocompact group topology,

(i1) G admits a hereditarily separable pseudocompact group topology,

(i1i) G admits a hereditarily separable pseudocompact group topology without infi-
nite compact subsets, and

3Furthermore, it is proved in [12] that CC is also a sufficient condition for the existence of a
pseudocompact group topology on a bounded torsion Abelian group of size at most 2¢. See also
the proof of Theorem 2.22.
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(iv) |G| < 2° and G satisfies both PS and tCC.

The equivalence of items (i) and (iv) in the above theorem holds in ZFC, see
Theorem 14.2.

Theorem 2.7. Under V,, the following conditions are equivalent for any Abelian
group G:

(i) G admits a separable countably compact group topology,

(i) G admits a hereditarily separable countably compact group topology,

(i) G admits a hereditarily separable countably compact group topology without
infinite compact subsets, and

() |G| < 2° and G satisfies both PS and CC.

Theorem 2.7 recovers (and greatly extends) the main result of Dikranjan and
Tkachenko [18]: It is consistent with ZFC that an Abelian group G of size at most
¢ has a countably compact group topology if and only if G satisfies both PS and
CC.

Things become “essentially trivial” in Todorcevi¢’s model of ZFC without S-
spaces:

Theorem 2.8. In any model of ZFC in which there are no S-spaces the following
conditions are equivalent for any Abelian group G:
(i) G admits a hereditarily separable pseudocompact group topology,
(1) G admits a hereditarily separable countably compact group topology, and
(11i) G admits a compact metric group topology.

We refer the reader to Theorem 13.2 for the complete algebraic description of
Abelian groups G that admit a compact metric group topology. This algebraic
description can be added as an extra item to Theorem 2.8.

Let G be any Abelian group such that ¢ < |G| < 2°. Since compact metric spaces
have size at most ¢, our previous theorem implies that, consistently, G does not ad-
mit a hereditarily separable pseudocompact group topology. On the other hand, if
one additionally assumes that G satisfies both PS and CC, then G admits a hered-
itarily separable countably compact group topology under V, (Theorem 2.7). In
particular, we conclude that the existence of a hereditarily separable pseudocompact
(or countably compact) group topology on the free Abelian group of size 2° is both
consistent with and independent of ZFC. An example of an Abelian group of size ¢
with similar properties is much harder to obtain. We will exhibit such a group in
Example 13.4.

We will now look at what our Theorems 2.6 and 2.7 say for four particular impor-
tant subclasses of Abelian groups: torsion groups, non-torsion groups, torsion-free
groups, and divisible groups.

Corollary 2.9. Under V., the following conditions are equivalent for any torsion
Abelian group G:
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(i) G admits a separable pseudocompact group topology,

(i) G admits a hereditarily separable countably compact group topology without
infinite compact subsets, and

(111) |G| < 2° and G is a bounded torsion group satisfying CC.

Proof. Let G be a torsion Abelian group. According to Lemma 2.4(i), a bounded
torsion group satisfies P'S, so (iii) implies (ii) by Theorem 2.7. The implication (ii)
— (i) is trivial. To see that (i) — (iii), note that |G| < 2° and G satisfies both
PS and tCC by Lemma 2.5(i). Since G is torsion, Lemma 2.4(i) yields that G is a
bounded torsion group, while Lemma 2.4(vi) implies that G satisfies CC. O

The following particular case of the above corollary seems to be worth mentioning:

Corollary 2.10. Under V,, for every prime number p, each natural number n > 1
and every infinite cardinal T, the following conditions are equivalent:

(i) Z(p™)™) admits a separable pseudocompact group topology,

(ii) Z(p™) ") admits a hereditarily separable countably compact group topology with-
out infinite compact subsets, and

(iii) ¢ < 17 < 2°.

Proof. For the group Z(p™)(™, condition CC is equivalent to “r is either finite or
7 > ¢”, and the result follows from Corollary 2.9. U

Since torsion pseudocompact groups are always zero-dimensional [10], the assump-
tion that G is non-torsion is necessary in the next two theorems.

Theorem 2.11. Under V,, the following conditions are equivalent for any non-
torsion Abelian group G:

(i) G admits a separable pseudocompact group topology,

(i) G admits a hereditarily separable connected and locally connected pseudocom-

pact group topology without infinite compact subsets, and
(i1i) |G| < 2° and G satisfies PS.

Theorem 2.12. Under V., the following conditions are equivalent for any non-
torsion Abelian group G:

(i) G admits a separable countably compact group topology,

(i1) G admits a hereditarily separable connected and locally connected countably
compact group topology without infinite compact subsets, and

(i1i) |G| < 2° and G satisfies PS and CC.

In the case of torsion-free groups things become very transparent, as algebraic
restraints disappear again:

Corollary 2.13. Under V,, the following conditions are equivalent for any torsion-
free Abelian group G:
(i) G admits a separable pseudocompact group topology,
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(i1) G admits a hereditarily separable countably compact connected and locally
connected group topology without infinite compact subsets, and
(i11) ¢ < |G| < 25

Proof. Let G be a torsion-free Abelian group. According to item (iii) of Lemma 2.4,
condition PS for G is equivalent to |G| > ¢, while items (iv) and (v) of the same
lemma imply that both conditions CC and tCC hold for G. It remains only to plug
these facts into Theorems 2.11 and 2.12. U

We note that even a very particular case of our Corollary 2.13 constitutes the main
result of Koszmider, Tomita and Watson [36]: It is consistent with ZFC that for
every cardinal 7 such that ¢ < 7 = 7% < 2¢ the free Abelian group of size 7 admits
a countably compact group topology without non-trivial convergent sequences. The
topology constructed in [36] is not hereditarily separable, while our topology is.
Furthermore, while our topology does not have infinite compact subsets, it is not at
all clear if the topology from [36] has infinite compact subsets or not.

As usual, for a prime number p and an Abelian group G, r,(G) denotes the p-
rank of G. Our next theorem reduces the problem of the existence of a (hereditarily)
separable countably compact group topology on a divisible Abelian group G to a
simple checking of transparent conditions involving the cardinality, free rank and
p-ranks of G.

Theorem 2.14. Under V,, the following conditions are equivalent for any non-
trivial divisible Abelian group G:

(i) G admits a separable countably compact group topology,

(i) G admits a hereditarily separable connected and locally connected countably
compact group topology without infinite compact subsets,

(117) ¢ <r(G) < |G| < 2° and, for every prime number p, either the p-rank r,(G)
of G is finite or the inequality r,(G) > ¢ holds.

Corollary 2.15. Under V,, the following conditions are equivalent for any Abelian
group G:

(i) G admits a separable connected precompact group topology,

(i) G admits a hereditarily separable connected and locally connected pseudocom-
pact group topology without infinite compact subsets.

Proof. (i) —(ii). Since G is precompact, there exists a non-trivial continuous char-
acter x : G — T. Then x(G) is a non-trivial connected subgroup of T, which yields
X(G) = T. Therefore r(G) > r(T) = ¢. In particular, G is non-torsion and satisfies
PS. The separability of G yields |G| < 2°. Now implication (iii)—(ii) of Theo-
rem 2.11 guarantees that G admits a hereditarily separable connected and locally

connected pseudocompact group topology without infinite compact subsets.
(i) —(ii) is trivial. O
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Fact 1.2(i) inspired a quest for constructing compact-like group topologies without
non-trivial convergent sequences, see, for example, [50, 27, 19, 38, 41, 52, 9, 58]. Our
next corollary shows that, in a certain sense, one does not need to work that hard
in order to get these topologies: Indeed, at least on Abelian groups of size at most
2¢, there are “plenty” of them under the assumption of the axiom V,:

Corollary 2.16. Assume V. Let G be an Abelian group of size at most 2°. Then:

(i) G admits a hereditarily separable precompact group topology without infinite
compact subsets,

(i) if G admits a pseudocompact group topology, then G also has a hereditarily
separable pseudocompact group topology without infinite compact subsets,

(i1i) if G admits a countably compact group topology, then G also has a hereditarily
separable countably compact group topology without infinite compact subsets.

Proof. Ttem (i) follows from the implication (iv) — (iii) of Theorem 2.1. Ttem (ii)
follows from Lemma 2.5(i) and the implication (iv) — (iii) of Theorem 2.6. Item
(iii) follows from Lemma 2.5(ii) and the implication (iv) — (iii) of Theorem 2.7. [

As a by-product of our results, we can completely describe the algebraic struc-
ture of the Abelian groups of size at most 2¢ which admit, at least consistently, a
countably compact group topology.

Corollary 2.17. Under V., an Abelian group G of size at most 2° admits a count-
ably compact group topology if and only if G satisfies both PS and CC.

Proof. The “only if” part follows from Lemma 2.5(ii), and the “if” part follows from
the implication (iv) — (iii) of Theorem 2.7. O

Corollary 2.18. Under V., a torsion Abelian group G of size at most 2° admits a
countably compact group topology if and only if G is bounded and satisfies CC.

Proof. The “only if” part follows from Lemma 2.5(ii), and the “if” part follows from
the implication (iii) — (ii) of Corollary 2.9. O

Our next corollary offers a consistent affirmative answer to Problem 6.7 of [53]:

Corollary 2.19. Under V,, a torsion-free Abelian group G of size at most 2° admits
a countably compact group topology if and only if |G| > c.

Proof. Corollary 2.13 applies. 0

Corollary 2.20. Under V,, the following two conditions are equivalent for every
Abelian group G of size at most 2° that is either torsion or torsion-free:

(i) G admits a pseudocompact group topology, and

(i) G admits a countably compact group topology.

Proof. Clearly (ii) implies (i). To prove the converse, assume (i). Then G satisfies
PS and tCC by Lemma 2.5(i). If G is torsion, G satisfies CC by item (vii) of
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Lemma 2.4. If G is torsion-free, then G satisfies CC by item (iv) of Lemma 2.5.
Since |G| < 2¢ and G satisfies both PS and CC, Theorem 2.7 now yields that G
has a countably compact group topology. 0

Corollary 2.21. Under V., a divisible Abelian group G of size at most 2° admits
a countably compact group topology if and only if r(G) > ¢ and, for every prime
number p, either the p-rank r,(G) of G is finite or the inequality r,(G) > ¢ holds.

Proof. This immediately follows from Theorem 2.14. O

The counterpart of Corollary 2.17 for pseudocompact group topologies can be
proved in ZFC.

Theorem 2.22. Let G be an Abelian group of size at most 2°. Then G admits a
pseudocompact group topology if and only if G satisfies both PS and tCC.

We will now exhibit an application of Theorem 2.7 to van Douwen’s problem, see
Subsection 1.3. Our next corollary demonstrates that, contrary to van Douwen’s
belief, it is consistent with ZFC that there is nothing exceptional about Abelian
groups whose size has countable cofinality, such as N, N, ., N, 1,10 etc., from the
point of view of the existence of countably compact group topologies.

Corollary 2.23. For every ordinal o > 1, it is consistent with ZFC and ¢ = w,
that every Abelian group of size N, satisfying conditions PS and CC admits a
(hereditarily separable) countably compact group topology (without infinite compact
subsets).

Proof. Choose k to be bigger than N,. Since V,, implies 2° = «, 2¢ will also be bigger
than N,. Now our corollary immediately follows from the conclusion of Theorem

2.7. 0
Again, things become especially transparent in both torsion and torsion-free case.

Corollary 2.24. For every ordinal o > 1, it is consistent with ZFC plus ¢ = wy that
every bounded torsion Abelian group of size R, satisfying CC admits a (hereditarily
separable) countably compact group topology (without infinite compact subsets).

Proof. This follows from Corollary 2.23 because bounded torsion groups satisfy PS
(see item (ii) of Lemma 2.4). O

Corollary 2.25. For every ordinal o > 1, it is consistent with ZFC plus ¢ = wy
that for every prime number p and each natural number n > 1 the group Z(p”)(N”)
admits a (hereditarily separable) countably compact group topology (without infinite
compact subsets).

Proof. This follows from Corollary 2.24 since the group Z(p")®) satisfies condition
CC because ¢ = Ny < N,. O
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Even a particular case of our last corollary, with p = 2 and n = 1, implies the main
result of Tomita [58]: For every ordinal o > 1, it is consistent with ZFC plus ¢ = w;
that the Boolean group Z(2)®) of size R, can be equipped with a countably compact
group topology. It is also worth mentioning that the group topology constructed in
[58] is not hereditarily separable and has non-trivial convergent sequences (because it
contains a Y-product of uncountably many compact metric groups, and it is easily
seen that such a Y-product is not separable and has an infinite compact metric
subgroup).

Corollary 2.26. For every ordinal o > 1, it is consistent with ZFC' that every
torsion-free Abelian group of size X, admits a (hereditarily separable) countably com-
pact group topology (without infinite compact subsets).

Proof. Choose & to be bigger than N,. Since V,, implies 2° = «, 2 will also be bigger
than N,. Since V, also implies ¢ = w;, we have ¢ = N; < X, and Corollary 2.13
applies. O

Our results on hereditary separable topologizations allow us to make a contribu-
tion to the celebrated “S-space problem”. Scattered examples of topological groups
which are S-spaces are known in the literature [27, 19, 52, 38, 44, 48, 40, 51]. Our
final three theorems describe completely which Abelian groups admit group topolo-
gies (with various compactness conditions) which make them into S-spaces.

Theorem 2.27. Under V,, the following are equivalent for an Abelian group G:
(i) G admits a group topology that makes it into an S-space,
(i1) G admits a precompact group topology that makes it into an S-space,
(111) ¢ < |G| < 25

Theorem 2.28. Under V,, the following are equivalent for an Abelian group G:
(i) G admits a pseudocompact group topology that makes it into an S-space,
(ii) ¢ < |G| < 2° and G satisfies both PS and tCC.

Theorem 2.29. Under V,, the following are equivalent for an Abelian group G:
(i) G admits a countably compact group topology that makes it into an S-space,
(ii) ¢ < |G| < 2° and G satisfies both PS and CC.

Since hereditarily separable (initially w;-)compact groups are metrizable, a (ini-
tially w;-)compact group cannot be an S-space.

The proofs of all our theorems can be found in Section 10.

Our paper makes essential use of a wide range of ideas and techniques from
algebra, general topology and set theory (notably, forcing). We estimate that the
readers fluent in all three disciplines form a tiny (if not empty) set.* Yet our goal is
to make this paper readable, with some effort, by a specialist in all three disciplines
(and by non-specialists as well). This explains why we have taken a great care to

4Incidentally, neither of the authors alone belongs to this set.
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make our manuscript as self-contained as possible. Furthermore, we have arranged
the material in a way that maximizes the part of the paper that an average reader
can read without running into difficulties with understanding. In particular, the
knowledge of forcing is necessary only in Sections 11 and 12, and the rest of the
paper is written “in ZFC”.

We believe that our method of presentation makes this manuscript accessible to
a broad audience of mathematicians without any special background in algebra,
topology or set theory, and this is precisely the way we wanted it. We are perfectly
aware, however, of a certain unfortunate side effect of our emphasis on readability:
A specialist in one of the above three disciplines may find some parts of the paper
to be an easy reading. For example, algebraists will definitely want to skip most of
Section 3 and move through Section 6 quickly. Topologists and set-theorists with
background in HFD sets will undoubtedly find themselves at home in Section 7.
Specialists in forcing will probably notice that some ideas for the poset from Section
11 come from [26] and [38, 5.4].

3. ALGEBRAIC PRELIMINARIES

In the sequel Z denotes the group of integer numbers, Q denotes the group of
rational numbers, T denotes the torus group, and P denotes the set of prime num-
bers. For a cardinal  and a group G, G denotes the sum of £ many copies of the
group G and G" denotes the full (direct) product of £ many copies of G.

If H is an Abelian group and h € H, then (h) = {nh : n € Z} denotes the cyclic
subgroup of H generated by h.

A map 7 : G — H from an Abelian group G into an Abelian group H is called a
(group) homomorphism provided that 7(z + y) = n(x) + n(y) and 7(—z) = —m(x)
whenever z,y € G. A homomorphism 7 : G — H is a monomorphism if {z € G :
m(z) = 0} = {0}, i.e. if 7 has trivial kernel.

Lemma 3.1. Let H be be Abelian group, Hy, Hy its subgroups, and m; : H; — A
for each i = 0,1 a group homomorphism into an Abelian group A. If 7o [Hynm,=
1 [HonmH,, then there exists a group homomorphism m : Hy + Hy — A such that
7 [ g,= m; for every i =0,1.

Proof. If x = xy + x1 is a (not necessarily unique) representation of x € Hy + H;
with z; € H; for i = 0, 1, define m(z) = mo(xy) + m1(z1). The details are left to the
reader®. U

The following lemma is part of algebraic folklore [24, Theorem 21.1].

Lemma 3.2. Let H be an Abelian group, H' its subgroup and «' : H — T a
group homomorphism to a divisible Abelian group T. Then there exists a group
homomorphism m : H — T extending w'.

Supon suggestion of the referee who insisted on cutting this proof.
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As a corollary we obtain a well known property of divisible subgroups found by
Baer [3] (see also [24]):

Corollary 3.3. A divisible subgroup of an Abelian group is always a direct factor.
The proof of the next lemma is a standard application of Zorn’s lemma:

Lemma 3.4. Let L be a subgroup of an Abelian group G. Then there exists a
mazximal (under set inclusion) subgroup N of G with respect to the property LON =

{0}.

Note that the subgroup N as above need not be unique.

Let us recall that a subgroup N of an Abelian group G is said to be essential if
HNN # {0} for every subgroup H of G with H # {0}. Equivalently, N is essential
provided that (z) N N # {0} for every € H with x # 0. The importance of
essentiality can be easily seen from the series of lemmas that follow.

Lemma 3.5. Let N be a subgroup of an Abelian group G. Then N is an essential
subgroup of G if and only if every homomorphism © : G — H to an Abelian group
H is a monomorphism whenever the restriction m [y: N — H of w to N is a
monomorphism.

Our next lemma provides a typical example of how essential subgroups appear
naturally in algebraic proofs (compare this with Lemma 3.4).

Lemma 3.6. Let L be a subgroup of an Abelian group G. If N is a mazimal
(under set inclusion) subgroup of G with respect to the property LN N = {0}, then
L+ N=L® N is an essential subgroup of G.

Proof. Let H be a non-trivial subgroup of G. If HN (L + N) = {0}, then LN (N +
H) = {0}, and thus N + H = N by maximality of N. Therefore, H C N and hence
HN(L+N)D HNN = H # {0}. This contradiction yields HN(L+N) # {0}. O

Recall that, for a given prime number p, an Abelian group G is called a p-group if
the period of every element of GG is a power of p. The next lemma provides a typical
example of an essential subgroup:

Lemma 3.7. If H is an Abelian p-group, then Hp| is an essential subgroup of H.
In particular, if G is an Abelian group and p is a prime number, then Glp| is an
essential subgroup of G(p™) = U{G[p"] : n € w}.

Lemma 3.8. If N is an essential subgroup of an Abelian group G, thenr(N) = r(G)
and r,(N) = r,(G) for every prime number p.

Proof. Clearly r(N) < r(G) and r,(N) < r,(G) for each prime p. To prove that
r(N) = r(G) argue for a contradiction and assume 7(N) < r(G). Then there must
exist an element z € G such that (x) = Z and (x) N N = {0}, which contradicts
essentiality of N in G. Similarly, if r,(N) < r,(G) for some prime number p, then
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there must exist an element x € G such that (z)) = T[p] and {x) NN = {0}, which
again contradicts essentiality of N in G. O

Our next lemma is probably known, but we include a complete proof here for
readers convenience.

Lemma 3.9. Let {G; : i € I} be a family of Abelian groups. If N; is an essential
subgroup of G; for each i € I, then @;c; N; is an essential subgroup of @;c; G;.

Proof. First, we claim that it suffices to prove our lemma in the particular case
when the set [ is finite. Indeed, assuming that the finite case of our lemma has been
already proved, let us prove it in the general case. Assume g € @,;G; and g # 0.
Pick J € [I]<“ such that g = 3=, ; g;, where g; € G;. Then g € @,c; G;. According
to the final case of our lemma, @;c; N; is an essential subgroup of @,c; G, which
yields (g) N @jer Ni 2 {g) N Bjes N; # {0},

It remains only to consider the case when I = {0, 1,...,n} is finite. By induction
on n we will prove that @<, IV; is an essential subgroup of @,<, G;.

Basis of induction. Let us prove our lemma for n = 1. Assume that Ny and
N are essential subgroups of Abelian groups Gy and G; respectively. Assume
g=go+ g1 € Go® Gy, where g; € G; for : = 0, 1. Suppose also that g # 0. We will
consider two cases.

Case 1. g; = 0 for some i = 0,1. In this case g = g;_; € G1_;, and from g # 0
and essentiality of N;_; in G1_;, we have {g) N (No @ Ny1) 2 (g) N N1_; # {0}.

Case 2. gy # 0 and g1 # 0. From gy € Gy and essentiality of Ny in Gy, we
get {go) N Ny # {0}. Pick nyg € Z\ {0} such that nogy € Ny and nogy # 0. If
nogr = 0, then nogg = no(go + 91) = nogo # 0 and ngg = npgo € No C Ny © Ny,
ie. (g) N(No@ Ny) # {0}. Otherwise, nog1 # 0, ngg1 € G, and essentiality of
Ny in Gy yields {(nog1) N Ny # {0}. Therefore ningg; € Ny and ningg; # 0 for
some ny € Z \ {0}. Now note that ninggy € n1Ng C Ny and ningg; € Ny implies
ningg = nino(go + g1) = Minogo + ninegr € No & Np. Furthermore, ningg; # 0
implies n1ngg = n1nggo + n1npg1 7 0 because Gy @ G is the direct sum. Therefore
{g) N (No ® Ny) # {0}

Inductive step. Assume that n € w, n > 2 and our lemma has been proved for all
k < n. For i < n let N; be an essential subgroup of an Abelian group G;. By our
inductive assumption, @,;<, 1 IN; is an essential subgroup of @<, ; G;. Applying
the inductive assumption once again (to the case of two groups), we conclude that
(Bi<n_1 Ni) @ N, is an essential subgroup of (B;<,, 1 Gi) ® G- O

Recall that a family A" = {N; : i € I'} of subgroups of G is said to be independent,
if the subgroup N generated by A is their direct sum @;c; N;. In other words, if
J e [I]<¥, g; € N; for every j € J and Y ;c;9; = 0, then g; = 0 for all j € J.
Equivalently, NV is independent if and only if every element ¢ € N admits a unique
representation g = > ,c; g; where g; € N; for every i € I and the set {i € I : g; # 0}
is finite.
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Lemma 3.10. Let H be an Abelian group and {G; : i € I} an independent family
of subgroups of an Abelian group G. For each i € I let m; : G; — H be a group
homomorphism. Then:

(i) There exists a unique group homomorphism m = @,c; ™ : Die; Gi — H such
that m|q,= m; for i1 € I. Moreover,

(i) If each m; is a monomorphism and the family {m;(G;) : i € I} of subgroups of
H is independent, then w is also a monomorphism.

Proof. (i) This is the well known categorical characterization of the direct sum.

(ii) Since each 7; is a monomorphism, there exists a unique inverse 7; ' : m;(G;) —
G;. Ttem (i) yields the existence of a homomorphism p = @;c; 7 ' : @ics Ti(Gy) —
@ic; Gi such that p [, )= m; U for i € I. Obviously, p o 7 is the identity map of
@;cr Gi, and hence 7 is a monomorphism. 0

Lemma 3.11. Let {G; : i € I} be a family of subgroups of an Abelian group H.
Assume also that N; is an essential subgroup of G; for i € I. Then the family
{G; :i € I} is independent if and only if the family {N; : i € I} is independent.

Proof. The “only if” part is obvious. To prove the “if” part, assume that the
family {IV; : i € I} is independent. By Lemma 3.10 there exists a unique group
homomorphism 7 : G = @,c; G; — H such that 7 [g,: G; — H is the inclusion for
i € I. By the independence of the family {N; : i € I}, the restriction of 7 to the
subgroup N = @,<; N; of G is a monomorphism. According to Lemma 3.9, N is an
essential subgroup of G. Therefore 7 is a monomorphism by Lemma 3.5. Hence the
family {G, : i € I} is independent. O

In view of Lemma 3.7, our next lemma is a particular case of Lemma 3.11:

Lemma 3.12. Let {H; : i € I} be a family of non-zero p-subgroups of an Abelian
group G. If the family {H;[p] : i € I} is independent, then also the family {H; : i €
I} is independent.

Lemma 3.13. Let p be a prime number, n € w \ {0}, G an Abelian group and
V' a subgroup of p"1G[p"] of size wy, then there exists a subgroup N of G with
N = T[p"“) and N[p] =V .

Proof. Pick a base {x;}ic; of V of size wy. Since x; € p" 'G[p"], we can find
y; € G[p"] such that z; = p"'y;. Then (y;) = T[p"] for every i € I. Moreover,
(vi)[p] = (x;), for i € I, form an independent family. Hence by Lemma 3.12 also
{{vi) : i € I} is an independent family. Therefore, the elements {y; : j € J}
generate a subgroup N of G isomorphic to T[p"]“V. Obviously, N[p] = V. O

Lemma 3.14. Let {S,, : n € w} be a sequence of subgroups of an Abelian group G
with Sp 251225, 2 Spy1 2 .... Assume also that {V,, : n € w} is a sequence
of subgroups of G such that V,, C S,, and V,, N S,41 = O for every n € w. Then the
family {V,, : n € w} is independent.
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Proof. Assume the contrary, and fix J € [w]<“ \ {0} and g; € V; for every j € w
such that >>;c;9; = 0 but g; # 0 for all j € J. Let n be the smallest integer in
J. Then j € J\ {n} implies n < j and thus g; € V; C 5; C S,+1. Therefore,
Zjej\{n} g; € Sp+1. From —g, = Zje]\{n} g; € VN Snt1 = {0} we get g, = 0, a
contradiction. ([l

Lemma 3.15. Let G be an Abelian group, t(G) its torsion subgroup and N the
mazximal (with respect to set inclusion) subgroup of G satisfying t(G) N N = {0}.°
Then:

(i) the family {G[p] : p € P} U{N} is independent, and

(ii) Soc(G) ® N is an essential subgroup of G, where Soc(G) = @,cp G[p].

Proof. Ttem (i) of our lemma is trivial. Let us check (ii). Lemma 3.6 yields that
t(G) @ N is an essential subgroup of G. In view of Lemma 3.9 and transitivity
of essentiality, it remains only to prove that Soc(G) is an essential subgroup of
t(G). Recall that, for p € P, G(p>*) = U{G[p"] : n € w\ {0}} denotes the largest
p-subgroup of G. Clearly the family {G(p>*) : p € P} is independent, and so
t(G) = {G(p>) : p € P}. From Lemmas 3.7 and 3.9 one concludes that Soc(G)
is an essential subgroup of ¢(G). O

In the next lemma we show that the cardinal invariants 7(—) and 7,(—) alone
can determine a lot about when an Abelian group can be embedded into another
Abelian group.

Lemma 3.16. Suppose that G and H are Abelian groups such that r(G) < r(H)
and r,(G) < rp(H) for all p € P. Then there is a monomorphism © : G' — H
defined on an essential subgroup G' of G Moreover, if H is assumed to be divisible,
then G' can be chosen to coincide with G.

Proof. Use Lemma 3.4 twice to pick a maximal subgroup Ng of G with ¢(G) N Ng =
{0} and a maximal subgroup Ny of H with t(H) N Ny = {0}. By Lemma 3.15(i)
{G[p] : p € P}U{N¢} is an independent family in G and {H[p] : p € P}U{Ng} is an
independent family in H. Combining Lemmas 3.15(ii) and 3.8 with the assumption
of our lemma gives

r(Ng) = r(Soc(G) ® Ng) =r(G) <r(H)=r(Soc(H) ® Ny) =r(Ng),

and thus there is a monomorphism 7y : Lg — Ny defined on an essential subgroup
L = 70@) of Ng. Similarly, for p € P, we have

rp(Gp]) = rp(Soc(G) @ No) = 1p(G) < rp(H) = 1p(Soc(H) © Niz) = rp(H[p]),

and so there is a monomorphism 7, : G[p] — H[p|. Since L is a subgroup of
Ng, {Glp] : p € P} U {Lg} is an independent family in G by Lemma 3.15(i).
Since m,(G[p]) C H[p] for p € P and my(Lg) C Npg, reference to Lemma 3.15(i)

SWhich exists by Lemma 3.4.
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once again gives us that the family {7,(G[p]) : p € P} U {m(L¢)} of subgroups of
H is independent. According to Lemma 3.10, there exists a unique monomorphism
7 : G — H such that 7 [g= 7, for p € P and 7 [, = 7y, where G’ = Soc(G) @ L.
Since Lg is essential subgroup of Ng, G’ is an essential subgroup of Soc(G) ® Ng
(Lemma 3.9), and the latter subgroup is essential in G by Lemma 3.15(ii). Since
essentiality is transitive, G’ is essential in G.

Suppose now, in addition, that H is divisible. Lemma 3.2 allows us to find a
homomorphism ¢ : G — H extending 7. Since the restriction ¢ [¢r= 7 of ¢ to the
essential subgroup G’ of G is a monomorphism, ¢ itself is a monomorphism (Lemma

3.5). 0

Lemma 3.17. Let G and H be Abelian groups such that |G| < r(H) and |G| <
rp(H) for each p € P. Suppose also that G’ a subgroup of G such that r(G') < r(H)
and r,(G") < rp(H) for all p € P. If H is divisible, then for every monomorphism
¢ : G' — H there exists a monomorphism ¢ : G — H such that p [q:= ¢.

Proof. Define H' = ¢(G’). Use Lemma 3.4 twice to pick a maximal subgroup Ng
of G with G’ N Ng = {0} and a maximal subgroup Ny of H with H' N Ny = {0}.
Since G' + Ng = G' ® Ng is an essential subgroup of G by Lemma 3.6, Lemma 3.8
yields

(1) r(G) =r(G'"® Ng) = r(G") + r(Ng).

Similarly, since H' + Ng = H' & Ny is an essential subgroup of H by Lemma 3.6,
Lemma 3.8 yields

(2) r(H)=r(H ® Ny)=r(H") +r(Nyg) =r(G") +r(Nu),

where in the last equation we used the fact that H = ¢(G’) and ¢ is a monomor-
phism. Therefore,

(3) r(G") +r(Ng) =r(G) < |G| <r(H)=r(G")+r(Ng).
If »(H) is finite, from (3) one immediately gets r(Ng) < r(Ng). Otherwise, the
hypothesis 7(G’) < r(H) and (3) yield 7(Ng) < r(Ng).

Similarly, for a given p € P, again by essentiality and Lemma 3.8 we obtain the
following p-versions of (1) and (2), respectively:

(4) p(G) = 15(G' & Ng) = 1,(G) +15(Ne),

(5) rp(H) =7+ p(H' & Npg) = rp(H') + 15(Nu) = 17(G') + 1p(Np)-
From (4) and (5) one gets

(6) rp(G) +1p(Ne) = 1p(G) < |G| < ryp(H) = 1(G") + 1p(Npr).

If r,(H) is finite, (6) implies r,(Ng) < r,(Ng). Otherwise, the hypothesis r,(G’) <
rp(H) and (6) yield r,(Ng) < rp(Nu).
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Since r(Ng) < r(Ng) and r,(Ng) < r,(Ng) for every p € P, there exist an
essential subgroup N(; of Ng and a monomorphism ¢ : N, — Ny (Lemma 3.16).
By our choice of Ng and Ny, it follows that {G’, N} is an independent family in
G and {H', Ny} is an independent family in H. Then the sum ¢ ® ¢ : G' & N}, —
H'®& Ny C H of monomorphisms ¢ and v is again a monomorphism by Lemma 3.10.
Since H is divisible, we can use Lemma 3.2 to find a homomorphism ¢ : G — H
extending ¢ @ 1. Since N¢ is an essential subgroup of Ng, G' & N, is an essential
subgroup of G’ & Ng (Lemma 3.9), and the latter is an essential subgroup of G
by Lemma 3.6. Hence G’ & N, is an essential subgroup of G' by transitivity of
essentiality. Finally, Lemma 3.5 guarantees that ¢ is a monomorphism. 0

Lemma 3.18. Let G and H be Abelian groups such that |G| < r(H) and |G| <
rp(H) for each p € P. If H is divisible, then there exists a monomorphism ¢ : G —
H. In particular, G is algebraically isomorphic to a subgroup of H.

Proof. Apply Lemma 3.17 with G’ = {0} and ¢’ the trivial monomorphism. O

4. ALMOST n-TORSION SETS

For a subset E of an Abelian group G and n € w we define nE = {nz : z € E}.

We will say that d € w is a proper divisor of n € w provided that d ¢ {0,n} and
dm = n for some m € w. Note that, according to our definition, each d € w\ {0} is
a proper divisor of 0.

Definition 4.1. Let H be an Abelian group. For a given n € w we will say that
E € [H]¥ is almost n-torsion in H if nE = {0} and the set {x € E : do = h} is
finite for each h € H and every proper divisor d of n.

We note that there are no almost 1-torsion sets. To justify our terminology we
note that if a set £ is almost n-torsion in H for n > 2, then all but finitely many
elements of E are n-torsion, i.e. have order n.”

Remark 4.2. While the terminology in the above definition is new, the notion it-
self is not. It is easy to check that our almost n-torsion sets for n > 2 coincide
with n-round sets in the sense of [18, Definition 3.3], while our almost O-torsion sets
are precisely the admissible sets in the sense of [18, Definition 3.3]. However, the
new terminology proposed in Definition 4.1 not only appears to command signifi-
cantly more expressive power than the generic names from [18] but also provides a
unification for two different notions introduced in [18].

We would like to note the following important fact:

Lemma 4.3. Let E be a subset of an Abelian group H and n € w. Then the
following conditions are equivalent:

(i) E is almost n-torsion in H,

(i1) E is almost n-torsion in the smallest subgroup (E) of H that contains E.

"Recall that 2 € H has order n provided that nz = 0 but ma # 0 whenever 0 < m < n.
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Proof. 1t suffices to note that, for every n > 1, the set {x € E : nx = h} is empty
unless h € (E). O

Our next lemma says that almost n-torsionness of a set F is an absolute property
in a sense that it does not depend on the group that contains F:

Lemma 4.4. Let H be a group, G its subgroup and E C G. Then E is almost
n-torsion in G if and only if E is almost n-torsion in H.

Proof. Note that (£) C G C H. Applying Lemma 4.3 twice, we conclude that E is
almost n-torsion in H iff E is almost n-torsion in (E) iff E is almost n-torsion in
G. O

Lemma 4.5. If G is an Abelian group, m € w\ {0}, d € w\ {0,1}, n =dm and E
s an almost n-torsion subset of G, then mE is an almost d-torsion subset of G.

Proof. Note that m is a proper divisor on n. Since E is almost n-torsion, the set
{g € E : mg = h} is finite for every h € G, which implies that mFE is an infinite
set. Since £ C G[n| and n = dm, we have mE C G[d]. Suppose now that k
is a proper divisor of d, i.e. d = d'k with d # 1. Then n = dm = d'km and
thus km is a proper divisor of n. Let h € G. Since E is almost n-torsion, the set
En ={g € E: kmg = h} is finite, and thus the set {¢ € mE : k¢ = h} C mE,
must be finite as well. O

Having in mind differences in terminology described in Remark 4.2, we can borrow
the next two lemmas from [18].

Lemma 4.6. ([18, Lemma 3.6]) Let S be an infinite subset of an Abelian group H.
Then there exist n € w \ {1}, an element h € H and an almost n-torsion set E in
H such that h+ E C S.

For a (discrete) Abelian group G we use G* to denote the group of characters
equipped with the topology of pointwise convergence. That is, G* = {f : G — T is
a group homomorphism}, and a base of the topology of G* consists of the sets

W(h,k,n;xo,x1,...,2,) ={f € G : Vi <n |f(x;) — h(z;)| < 1/k},

where h € G*, k,n € w and zg, 21, ...,x, € G. It is well-known that G* is compact
(30, 23.17].

Lemma 4.7. ([18, Lemma 4.2]) Let E be an almost 0-torsion subset of an Abelian
group G. Then the set Fp = {f € G* : f(E) is dense in T} is the intersection of
countably many open dense subsets of G*.

Even though the proof of our next lemma can be extracted from the proof of [18,
Lemma 3.7], we include it here for the reader’s convenience.
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Lemma 4.8. For a natural number n > 1 let E be an almost n-torsion subset of an
Abelian group G. Then for every z € T[n] the set

Up(z)={fe€G :Jx € FE f(zx) =2z}
s open and dense in G*.

Proof. Let us first verify that UR(z) is open in G*. Indeed, let f € Up(z). Then
f(z) = z for some z € E. Observe that V = {f" € G*: |f'(z) — f(x)| < 1/n} is an
open subset of G* with f € V. It remains only to check that V' C Uj(z). Indeed, let
[ € V be arbitrary. Then f(z) = z and definition of V implies that | f'(z)—z| < 1/n.
Since x € E C G[n], it follows that nz = 0 and thus nf'(z) = f'(nx) = f'(0) =0,
ie. f'(z) € T[n]. Note also that z € T[n|. Since different elements of T[n| are
at least distance 1/n apart, the condition |f'(x) — z| < 1/n now yields f'(z) = z.
Therefore, [ € UR(2).

Let us now prove that U(z) is dense in G*. It suffices to prove that, for a given
h € G* k,n € wand xy,z1,...,7, € G, one has W(h, k,n;xg,z1,...,2,) NUR(z) #
0.

Since FE is almost n-torsion, the set F'NG[d] is finite for every proper divisor d of
n. Therefore, there exists a finite set F' such that each element of £\ F' has order n.
Since N = (xo) + (1) +- - -+ (z,.) is a finitely generated subgroup of G, its torsion
part ¢(N) is finite. We claim that there exists a non-zero element x € E \ F such
that (z) N N = {0}. Suppose the contrary, i.e. {(x) "N # {0} for every z € E\ F.
Then for every x € E \ F one can find a proper divisor d, of n such that d,z € N.
Note that, in fact, d,o € (V) for every € E \ F. Since both ¢(N) and the set
of proper divisors of n are finite and the set E \ F' is infinite, there exist an infinite
E' C E, a proper divisor d of n and a € ¢(N) such that d, = d and d,x = dz = a
for all x € E’. This contradicts the fact that £ is almost n-torsion.

Pick now x € E \ F with {x) N N = {0}. Since z € T[n| and x has order n,
there exists a homomorphism m : {x)) — T such that m(x) = z. We can now apply
Lemma 3.1 to Hy = N, my = h [y, Hy = (z)) and m to get a homomorphism
m: N+ (z) — T such that 7(z;) = 7 [§ () = h[n (x;) = h(x;) for alli < n
and w(x) = m(z) = z. Let f: G — T be any group homomorphism extending 7.
Then f(x;) = h(z;) for all ¢ < n, which yields f € W (h, k,n;zo,x1,...,x,). Finally,
f(z) = 7(x) = z with € E, which implies f € UR(2). O

Lemma 4.9. For a natural number n > 1 let E be an almost n-torsion subset of an
Abelian group G. Then the set

Fr={feG :VzeTn] {x € E: f(x) ==z} is infinite}
contains an intersection of countably many open dense subsets of G*.

Proof. Partition F into countably many pairwise disjoint infinite sets E,,,, and define
B =N{Ug (2) : m € w,z € T[n]}. Since each E,, is almost n-torsion (being an
infinite subset of an almost n-torsion set), each set U (z) is open and dense in G*
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by Lemma 4.8. The inclusion B C F7 is immediate from the fact that {E£,, : m € w}
is a partition of F. O

It will be convenient for us to define T[0] = U{T[n| : n € w \ {0}} so that T[0]
becomes exactly the subgroup of torsion elements of T. It is well-known that T[0]
is dense in T. With this notation in mind, we are now ready to prove the following
key lemma which will be essential for our forcing construction:

Lemma 4.10. Suppose that G be an Abelian group, g € G, g # 0 and € C [G]“ is
a countable family. Then there exists a group homomorphism w : G — T such that:
(i) () 0,
(i) if n € w, z € T[n], k € w\ {0} and E € & is almost n-torsion in G, then the
set {h € E : |w(h) — z| < 1/k} is infinite.

Proof. For every n € w let &, = {E € £ : E is almost n-torsion}. Since |E,| <
|€|] < w for each n € w, Lemmas 4.6 and 4.9 allow us to conclude that there exists
a countable family {V;, : n € w} of open dense subsets of G* such that

B=({Va:newtC({Fe:Ec&In({Fr:new\ {0}, E €&}

Pick arbitrarily a homomorphism & : G — T such that h(g) # 0 and choose k € w\
{0} with 1/k < [h(g) — 0] £ 0. Then W (h, k,0;g) = { € G* : |{(g) — h{g)| < 1/k}
is a nonempty open set in G* such that f € W(h,k,0;¢g) implies f(g) # 0. Since
G* is compact, by the Baire category theorem, the intersection

W(h,k,0,9) "B =W(h,k,0;9) N[ {Vn:n €w}

must be nonempty. We now claim that any @ € W (h, k,0;g) N B will satisfy the
conclusion of our lemma. From w € W (h,k,0;g) it follows that w(g) # 0, i.e. (i)
holds.

Let us check (ii). Assume that n € w, z € T[n], k € w \ {0} and F € £ is almost
n-torsion in G. We need to show that the set {h € E : |w(h) — z| < 1/k} is infinite.
We will consider two cases.

Case 1: n = 0. Then E € &y, and from our choice of w it follows that w € Fg,
i.e. the set w(FE) is dense in T. Since {y € T : |y — 2| < 1/k} is an open subset of
T, by denseness of @ (F) in T, the intersection {y € T : |y — z| < 1/k} Nw(E) must
be infinite. Then the set {h € E : |w(h) — z| < 1/k} must be infinite as well.

Case 2: n > 1. Then F € &, and from our choice of w it follows that w € F},
which implies that the set {x € F : w(x) = 2} is infinite. Since {x € E : w(x) =
2z} C{z € E:|w(x) — z| < 1/k}, the latter set must be infinite as well. O

5. TOPOLOGICAL EMBEDDING AXIOM V,

Definition 5.1. (i) Let Ky = Z®V and K,, = T[n]“V for every n € w \ {0}.
(i) Define K = @,,¢,, Ky

Definition 5.2. For an infinite cardinal £ we define H, = Q" @ (Q/Z)™.
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Recall that a point x of a space X is called a cluster point of a set D C X provided
that the intersection U N D is infinite for every open set U containing x.

Definition 5.3. For every cardinal k > w; let us agree to denote by V' the following
statement: “There exist monomorphisms 7, : H, — T and 0, : K — H, satisfying
the following three conditions:

(IT)) If n € w and E € [H,]=* is an almost n-torsion subset of H,, then j. (7. (E))
is dense in T[n]*\" for some 7 € w;, where j, : T — T“1\7 is the projection map
defined by j(2) = 2 [u,\y for z € T

(Ily) If n € w and F € [H,]=¥ is an almost n-torsion subset of H,, then 7.(F)
has a cluster point in 7 (0, (K,)).

(I3) (e (0. (Kp))) = TP for every 3 € wy, where &5 : T“* — T7 is the projection
map defined by £3(2) = z [ for z € T“*.”

For every cardinal Kk > ws we use V, as an abbreviation for “c = w; & 2¢ =
k& V.

We always consider 7, (H,) with the subspace topology induced from T*.

6. ALGEBRAIC EMBEDDINGS ARISING FROM PS AND CC

Definition 6.1. Let G be an Abelian group.
(i) We define M(G) C w by declaring n € M(G) if and only if G contains at least
one almost n-torsion subset.

(ii) Define K(G) = @nen(a) Kn-

Obviously, K(G) C K and K,, C K(G) for every n € M(G).
Note that 1 ¢ D(G) because almost 1-torsion sets do not exist. We will need
“downward closedness” of the set M(G):

Lemma 6.2. If G is an Abelian group, n € M(G) \ {0} and d # 1 is a divisor of n,
then d € N(G).

Proof. Since n € M(G) \ {0}, there exists an almost n-torsion set £ € [G]*. We also
have dm = n with some m € w. By Lemma 4.5, mFE is an almost d-torsion set in

G, and hence d € N(G). O

Lemma 6.3. Let G be an Abelian group satisfying PS such that then 0 € N(G).
Then G contains a subgroup algebraically isomorphic to K.

Proof. Note that a bounded torsion group cannot contain almost O-torsion sets, so
combining 0 € MN(G) and PS yields r(G) > ¢ > w;. Therefore G contains a subgroup
algebraically isomorphic to Z®1) 2 K. 0

Lemma 6.4. If G is an Abelian group satisfying condition CC and p is a prime
number, thenn € w\ {0} and p" € N(G) implies that G has a subgroup algebraically
isomorphic to Kyn.
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Proof. First let us settle the case n = 1. From p € M(G) it follows that G has an
almost p-torsion set £ C Gp|. In particular, G[p] is infinite and thus |G|[p]| > ¢ by
CC. Hence Gp| contains a subgroup algebraically isomorphic to K.

Assume now that n > 2. From p™ € M(G) it follows that G has an almost p"-
torsion set F C G[p"]. Now Lemma 4.5 implies that {p" 'z : z € E} C p"'G[p"]
is an almost p-torsion set. Therefore, the set p"~'G[p"] is infinite, and CC implies
that [p" 'G[p"]| > ¢. Let V be a subgroup of p" 'G[p"] of size w;. Application of
Lemma 3.13 now yields a subgroup N of G with N = T[p"]“1) = K .. O

Lemma 6.5. If G is an Abelian group satisfying condition CC, then for every
prime number p € P the group G contains a subgroup algebraically isomorphic to

KP(G) = @me,pme‘ﬁ(G) Kpm'

Proof. Fix p € P and let Q, = {n € w\ {0} : p" € N(G)}. According to Lemma
6.2, either 2, = {1,...,n} for some n € w, or Q, = w. The former case is trivial
since in this case K,(G) = @)_; K,» is isomorphic to a subgroup of K, = K,» and
G contains a subgroup algebraically isomorphic to K,» by Lemma 6.4 (note that
p" € N(G)). So we are left with the latter case Q, = w, i.e. K,(G) = Ky, where
Kpo = @, Kpn.

For each n € w, define S,, = p"G[p"™!] and note that S, ; is a subgroup of the
group S,, and therefore, the quotient group S, /S,1 is well-defined. We need to
consider two cases.

Case 1. There exists a sequence 0 < mq < mo < ... < my < ... of natural
numbers such that Sy, —1/Sm,| > wi for every k € w. In this case for every k € w
one can find a subgroup Vj of size wy of S,,, 1 with Vz N S, = {0}. Then the
family {Vj : k € w} is independent by Lemma 3.14. Since V} is a subgroup of
Smp—1, by Lemma 3.13 one can find a subgroup Nj, of G such that N, = K= and
Nilp] = Vi. Now by Lemma 3.12 the family {Ny : k € w} is independent. The
subgroup @c,, Ny of G generated by the family {Vy : k € w} obviously contains a
copy of K.

Case 2. There exists mg € w such that |S,,/Sm+1| < w for all m > my. Note that
in this case | Sy, /Smg+x| < w for every k € w. Since p™t € N(G), Lemma 6.4 yields
that G[p™*!] contains an isomorphic copy of K, m+1, and thus S,,, = p"G[p" "]
contains an isomorphic copy of K. Therefore, there exists an infinite independent
family {V; : k € w} in S,,, with V}, =2 K, for all k. For every k € w consider the
subgroup Wy, = VNS, 4k of Vi. The quotient group Vj,/W;, is naturally isomorphic
to a subgroup of Sy, /Sme+k, and thus |V /Wi| < [Spme/Smesk| < w for every k € w.
Since Vi, & K, this yields W}, = K, for every k € w. Since W, is also a subgroup
of Spotk, by Lemma 3.13 we get a subgroup N}, of G such that Nj, & K m;+r+1 and
Ni[p] = Wi. Since the family {Vj : k € w} was chosen independent, the family
{Wy : k € w} is independent too. Hence Lemma 3.12 ensures that also the family
{N}, : k € w} is independent. Therefore it generates a subgroup of G isomorphic to
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DOrew Vi = Drew Kymotrr1. It remains only to note that the latter group contains
an isomorphic copy of the group K. 0

Lemma 6.6. Let G be an infinite Abelian group satisfying conditions PS and CC.
Then G contains a subgroup algebraically isomorphic to K(G).

Proof. For each p € P, Lemma 6.5 yields the existence of an isomorphic copy
K,(G) &2 K,(G)® in G, so G contains an independent family {M,, : n € w}
consisting of subgroups isomorphic to K,(G). For every n € w define M, =
<<Up€P Mn,p)) = Bpep My p-

We claim that, for every n € M(G)\{0, 1}, M,, contains a subgroup K7, isomorphic
to K,,. Indeed, let n = plfl -...-p¥ where pi, pa, ..., ps are distinct prime numbers
and ki, ko, ..., ks are positive integers. For i = 1,2,... s, since n € M(G) implies
pi € M(G) by Lemma 6.2, M, , = K, (G) contains a subgroup L; isomorphic to
Kp?,. (Lemma 6.4). Clearly, K|, = {L; U Ly U --- U L) is a subgroup of @,cp M, =
M,,. Since each L; is a p;-group and the primes pq, po, . .., ps are distinct, the family
{L1, La, ..., L} is independent, and so K| = @;_, L; = Kp’fl D...D prgs =~ K,.

If 0 € MN(G), apply Lemma 6.3 to find a subgroup K|, of G isomorphic to Kjp.
If 0 € M(G), define K| = {0}. Notice that the family {K{} U {M, : n € w} of
subgroups of G is independent, and therefore so is also the family { Kj} U{K] :n €
N(G)\{0,1}}. Thus ({Ko} U Uneman oy Kn) = Ko ®Bneme 0.1y K- It remains
only to note that the last group is isomorphic to K (G) because 1 € M(G). O

Lemma 6.7. Let k > wy be a cardinal and G an infinite Abelian group of size at
most K.
(i) If G is a non-torsion group that satisfies PS, then for every monomorphism
¢ : Ko — H, there exists a monomorphism ¢ : G — H, such that ¢(Ky) C p(G).
(i1) If G satisfies both PS and CC, then for every monomorphism ¢ : K(G) — H,
there ezists a monomorphism ¢ : G — H,, such that ¢(K(G)) C o(G).

Proof. (i) Assume that G is not torsion and satisfies PS. Then r(G) > ¢, and
so G contains a subgroup algebraically isomorphic to Ky. Thus we shall assume,
without loss of generality, that K, is a subgroup of G. Hence it suffices to find a
monomorphism ¢ : G — H, extending ¢. Since |G| < k = r(Hy), (Ko = w1 <
wy < Kk = r(Hy,), |G| < Kk = r,(H) and 1,(Kp) = 0 < k = ry(H,) for every
p € P, the conclusion of item (i) of our lemma follows from Lemma 3.17 (applied
to G' = Ky and H = H,,).

(ii) Due to Lemma 6.6 we can assume, without loss of generality, that K(G) is a
subgroup of GG. Hence it suffices to find a monomorphism ¢ : G — H, extending ¢.
Since |G| < k = r(Hy), "(K(GQ)) <w; <wy <k =1r(Hy), |G| <k =1r,(H,) and
rp(K(GQ)) < wy < wy < k = ry(Hy) for every p € P, the conclusion of item (ii) of
our lemma follows from Lemma 3.17 (applied to G’ = K(G) and H = H,,). O
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7. 7x(H,) 1S HEREDITARILY SEPARABLE

Our goal of proving that 7, (H,) is hereditarily separable would be trivial if ,, (H,;)
satisfied one of the well-known sufficient conditions for hereditary separability like
HFD or HFD,, (see survey [33]). Unfortunately, due to algebraic restrictions imposed
by almost n-torsion sets (for n > 2), m.(H,) does not have the above mentioned
properties. So we need to carry out a more delicate analysis in order to prove
hereditary separability of m,(H,).

Definition 7.1. Let Z be a topological space.

(i) For each v € w, we define the projection map jZ : Z* — Z“'\ by jZ(z) =
2 [\ for z € Z1.

(ii) A subset X of Z“' will be called finally separable in Z*“* provided that there
exists 7 € wy such that j7(X) is separable (in the subspace topology of Z\), In
other words, X is finally separable in Z“! if there exist v € wy and E € [X]=¥
such that the set jf (E) is dense in jf (X) (considered with the subspace topology
of Z«1\7).

(iii) A subset Y of Z«* will be called hereditarily finally separable in Z“', or shortly
HES in Z**, provided that each subset X of Y is finally separable in Z“1.

In agreement with item (II;) of Definition 5.3, we will use a simpler notation j,
instead of ;7.

Lemma 7.2. Let Z is a space and X a subspace of Z“'. Suppose that there exist
v € wy and E € [X]|=¥ such that jZ(E) is dense in Z“*\Y. Then X is finally separable
m L.

Proof. Indeed, j7(E) is a countable dense subset of j7(X). O
Our next lemma demonstrates that these notions are quite appropriate:

Lemma 7.3. Let Z be a separable metric space and Y be a subspace of Z*'. Then
the following conditions are equivalent:

(i) Y is hereditarily separable,

(i) Y is HFS in Z“".

Proof. ® Clearly (i) implies (ii) since hereditary separability is preserved by contin-
uous maps, and each projection jf is continuous.

Let us now prove that (ii) implies (i). If Y is HFS in Z“* and X is a subset of Y/,
then X itself is HFS in Z“t. Therefore, to prove implication (ii) — (i), it suffices
only to check that every set Y that is HFS in Z“' is separable (in the subspace
topology of Z«1).

Fix a countable base B of Z. For A € [w]** and B € B4, define Wap = {2 €
Z“ : z(a) € B(a) for all a« € A} and Yap =Y NW(A, B), and also fix y4 5 € wy

8In case Z is the two-point discrete space {0, 1}, this lemma is essentially proved in [33].
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and Dy p € [Ya p]=¥ such that j’YZA,B(DAvB) is dense in ijA,B(YA,B)- This is possible
because the set Yy p is finally dense in Z*', being a subset of the set Y, which in
turn is HFS in Z“'. Define a function ¢ : wy — wy by (7)) = v+ 1 + sup{yas :
A€ [y]<*, B € B4} for v € w;. Pick vy € w,; arbitrarily, and define a sequence
{7n : n € w} of countable ordinals via 7,411 = o(v,). Let A = sup{~, : n € w}, and
note that A € wj and y3 < pp < -+ <y < -+ < A\

Clearly, D = {Dap : A € [\|*%, B € B} is a countable subset of Y. It remains
only to prove that D is dense in Y. Let O be an arbitrarily open subset of Z“*
with O NY # (. We need to show that O N D # (). There exist A € [wy]|<¥,
B € B4 and x € Y such that =z € Wap C O. Define A’ = AN\ A" = A\ ),
B'= By, B" = Blar and p = va p. Then max(A’) < ~, for some n € w, and
hence 1t = Y4 g < Yny1 < A by our definition of A and 7,’s. Since A" € [\|<¥, from
our definitions of D and B’ it follows that D4 g C D.

Since W~ pr is a basic open set in Z“' and j f is an open map, the set j 5 (Wan pr)
is open in Z“'\. From x € Wap C War pr, one gets jZ(z) € jZ(Warpr). Since
reYNWap CYNWyp =Ya p, we have jf(x) € jf(YA/,B/), and so ]5($) €
G (Yarpr) N G (Wan ) # 0. Since Wan gn is a basic open set in Z* and j7 is
an open map, the set jZ(War pr) is open in Z*V*, which implies that j7Z(Ya p) N
jf(WAn’Bu) is a non-empty open subset of jf(YA@B/). By denseness of jf(DAQB/) in
37 (Ya pr), we conclude that there exists y € Dap such that j7(y) € j7(War pn).
Together with 1 < A < min A” this yields y € Wu» gr. Since y € Dy g € D and
Y € DA’,B’ - YA’,B’ - WA’,B’, we finally get y € DN WA’,B’ N WA/QBN =DnN WA,B -
DNO # 0. O

For the reader familiar with the notion of an elementary submodel, we mention in
passing that an elegant way to get separability of Y in the proof of the above lemma
is to take any countable elementary submodel M of (a sufficiently large fragment
of) the universe V' containing all relevant information (such as Y, Z etc.), and then
observe that the countable set M NY is automatically dense in Y.

Lemma 7.4. Let G be a topological group and H a countable family of its subgroups
such that each H € 'H is hereditarily separable (in the subspace topology). If X C G
is not separable, then there exists E € [X]¥ such that |(g + H) N E| < 1 whenever
HeHandged.

Proof. For a fixed g € G, the translation map that sends x € G to g+ x is a
homeomorphism of G onto itself, and so g + H is hereditarily separable for every
H € H. Note that a countable union of hereditarily separable subspaces of G is
again hereditarily separable, and thus Yo = U{g+ H : g € C, H € H} is hereditarily
separable for every C' € [H]=¥. Since our X is not separable, X \ Yo # () for every
C € [H]=¥. This allows us, by recursion on n € w, to pick z, € X \ Yiu o 13-
Clearly F = {z, : n € w} has the required properties.
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Lemma 7.5. Suppose that G is a subgroup of T such that, for alln > 1 and each
almost n-torsion subset E of G there exists v € wy such that the set j.,(E) is dense
in T[n]“\7.

Then for every integer n > 2 the subgroup Gn| = G N'T[n]“* of G is hereditarily
separable in the subspace topology induced from T “'.

Proof. Let us prove by induction on n > 2 that G[n] = G N T[n]** is hereditarily
separable.

Basis of induction. Let us prove that G[2] = G N T[2]“" is hereditarily separable.
In view of our Lemma 7.3 (with Z = T|[2]) it suffices to prove that G[2] C T[2]**
is HFS in T[2]**. Let X be a subset of G[2|. If X is finite, then clearly X is
finally separable in T[2]“*. Suppose that X is infinite and pick £ € [X]“. Since
E C X C (2], E is an almost 2-torsion subset of G. By the assumption of our
lemma, there exists v € w; such that the set j,(E) is dense in T[2]'\. Now X is
finally separable in T[2]*! by Lemma 7.2.°

Inductive step. Let n > 2 and suppose that we have already proved that G[m)]
is hereditarily separable for all m with 2 < m < n. Let us now prove that G[n] is
hereditarily separable. In view of our Lemma 7.3 (with Z = T|n]) it suffices to prove
that G[n] C T[n|** is HFS in T[n|*'. Let X be a subset of G[n]. If X is separable,
then X is finally separable (7 = 0 works). Suppose that X is not separable. By
our inductive hypothesis, H = {G[m] : 2 < m < n} is a finite family of hereditarily
separable subgroups of G, and so we can apply Lemma 7.4 with this H and our X
to get the set F € [X]“ as in the conclusion of Lemma 7.4. Now observe that E
is almost n-torsion. By the hypothesis of our lemma, there exists v € wy such that
the set j,(E) is dense in T[n]*1\7, and Lemma 7.2 yields that X is finally separable
in T[n]“". O

Lemma 7.6. Suppose that G is a subgroup of T“" such that for alln € w\ {1} and
each almost n-torsion subset E of G there exists v € wy such that the set j,(E) is

dense in T[n]“*\Y. Then G is hereditarily separable in the subspace topology induced
from T“.

Proof. By Lemma 7.5, G[n] is hereditarily separable for every n > 2. Since a
countable union of hereditarily separable subspaces is hereditarily separable, we
conclude that the torsion part ¢(G) = U{G[n]| : n > 2} of G is hereditarily separable.

According to Lemma 7.3, to prove that G is hereditarily separable it suffices to
show that G C T“! is HFS in T“'. Let X C G. If X is separable, then it is finally
separable (v = 0 works). Otherwise we can apply Lemma 7.4 with H = {¢(G)} to
our X to get F € [X]“ as in conclusion of Lemma 7.4. According to Lemma 4.6,
there exist an almost n-torsion set £/ C GG and g € G such that ¢+ E' C E. We

9For those readers who are familiar with the classical notion of an HFD set we mention that the
above proof actually shows that G[2] is an HFD subset of T[2]“?, and thus hereditary separability
of G[2] follows from the classical results about HFD sets, see [33].
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claim that n = 0. Indeed, if n > 1, then nE’ = {0} implies £’ C G[n] C t(G),
and so |g + E'| = [(¢9 + E') N E| < [(g +t(G)) N E| < 1, which yields |[E'| <1, a
contradiction. Therefore, E’ is almost O-torsion. By our hypothesis, j,(E’) is dense
in T[0]“*\” (hence in T“1\7) for some v € wy, and thus j,(g + E’) is also dense in
T«\7. This proves that X is finally separable in T*' by Lemma 7.2. U

Lemma 7.7. Under V'

K’

Proof. Combine condition (II;) from Definition 5.3 with Lemma 7.6. O

7x(Hy) is hereditarily separable.

8. m.(H,) HAS NO INFINITE COMPACT SUBSETS
Lemma 8.1. Under V', the group m.(H,) does not have infinite compact subsets.

Proof. Let ® be an infinite compact subset of m,(H,). Fix an infinite set S C H,
such that m,(S) € ®. According to Lemma 4.6, there exist a natural number
ne€w\{l}, E € [H.]* and h € H, so that h+ F C S and E is almost n-torsion in
H,. Both 7, : H, — T“* and j,om, : H, — T«\7 are group homomorphisms, so

(7) Jy(ma(h)) + Jo (Ta(E)) = jiy (me(h + E)) C jiy(m:(5)) € J5(2).

By (II;), there exists v € wy such that £, = {m.(h) [u\1: b € B} = jy(m(E)) is
dense in T[n]*1\7. Therefore, T[n]“*\* C j,(7.(E)), where A denotes the closure of
aset A C T“1\7 in T“1\?. Combining this with (7), one obtains
(8)

G (T (W) FT[R) C iy (1 (B)) 4 (e () = 5 (e () + G (7 (E)) C 5 (@) = jiy (@)
(The last equality holds because j,(®), being the image of the compact space ®
under the continuous map j,, is compact, and hence closed in T«1\7.) Since T[n]«*\”
contains a non-separable subset'’, (8) implies that j.(®) is not hereditarily separa-
ble. Since j,(®) is a continuous image of @, the latter space cannot be hereditarily
separable as well. This, however, contradicts ® C 7. (H,) and Lemma 7.7. O

9. MAKING SUBGROUPS OF 7,(H,) COUNTABLY COMPACT

We will need an alternative description of countably compact spaces: A space X
is countably compact provided that every infinite subset of X has a cluster point.

Lemma 9.1. Assume V'_. If H is a subgroup of H, such that 0,(K,) C H whenever
n € N(H), then m,(H) is countably compact.

Proof. Let S be an infinite subset of H. We are going to prove that m.(S5) has a
cluster point in 7, (H). According to Lemma 4.6, there exist n € w\ {1}, F € [H]¥
and h € H so that h + F C S and E is almost n-torsion in H. Since H C H,,
Lemma 4.4 allows us to assume that the set E is almost n-torsion in H,. From

10Recall that T[0] is a torsion part of T, so T[2] € T[0]. Finally, T[n]*'\Y for n > 2 contains a
homeomorphic copy of the Cantor cube {0, 1}“.
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n € MN(G) and the assumption of our lemma it follows that 6,(K,) C H, and thus
(0 (K,)) € mo(H). Condition (IIy) from Definition 5.3 implies that 7. (F) has a
cluster point in 7.(0,(K,)), and so in 7.(H) as well. Then the set m.(h + E) =
mx(h) + m.(F) has a cluster point in m,(h) + 7.(H) = 7.(H). (The last equality
holds because h € H.) Since h+ E C S, m,(S) D m.(h + E) also has a cluster point
in 7, (H). O

Lemma 9.2. Assume V.. If G is an infinite Abelian group of size at most 2°
satisfying conditions PS and CC, then there exists a monomorphism ¢ : G — H,
such that the subgroup m.(p(G)) of me(H,) is countably compact.

Proof. Recall that K(G) is a subgroup of K, so both 8,.(K(G)) and ¢ = 0, [k(c):
K(G) — H, are well-defined. Since 6, is a monomorphism, so is ¢. Note that
|G| < 2° =k by V,, so we can apply Lemma 6.7 to fix a monomorphism ¢ : G — H,
such that 6,(K(G)) = ¢(K(G)) C ¢o(G). If n € N(G), then K, C K(G) by
Definition 6.1, and so 0, (K,) C 0.(K(G)) C ¢(G). Therefore, H = p(G) satisfies
the assumption of Lemma 9.1, and since V,, implies V', the last lemma yields that
mx(H) = m.(p(G)) is countably compact. O

10. PROOFS OF THEOREMS FROM SECTION 2

In this section we provide proofs of theorems left without proof in Section 2.
A slight peculiarity of the order in which we choose to provide our proofs should
perhaps be mentioned. Namely, we prove Theorem 2.7 before proving Theorem 2.6,
and we give the proof of Theorem 2.28 before that of Theorem 2.27. This is done
out of necessity, since we use Theorems 2.7 and 2.28 in our proofs of Theorems 2.6
and 2.27, respectively. The reader should be assured that this does not lead to a
circular argument.

Proof of Theorem 2.1: Implications (iii)—(ii)—(i)—(iv) are trivial and do not
require V. Let us prove the implication (iv)—(iii) assuming V. Suppose that G is
an Abelian group of size at most 2°. Since |G| < 2° =k = r(H,) = r,(H,) for each
p € P, Lemma 3.18 yields the existence of a monomorphism ¢ : G — H,. Since
T, 18 @ monomorphism, 7. (¢(G)) is a subgroup of 7. (H,) algebraically isomorphic
to G. Consider G with the topology that its isomorphic image 7. (¢(G)) inherits
from 7. (H,). Since m,(H,) is a subgroup of the compact group T“?, the group G
with this topology is precompact. Since 7. (H,) is hereditarily separable (Lemma
7.7) and does not contain infinite compact subsets (Lemma 8.1), G has the same
properties.

Proof of Theorem 2.2: Clearly (ii)—(i).
(i)—(iii). Let G be a hereditarily separable group. Since there are no S-spaces,
G must be hereditarily Lindelof, and so |G| < ¢ [1].
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(iii)—(ii). Let G be an Abelian group of size at most ¢. Since T¥ is a divisible
group and |G| < ¢ =7r(T¥) =r,(T¥) for all p € P, G is algebraically isomorphic to
a subgroup of the compact metric group T* (Lemma 3.18).

Proof of Theorem 2.7: Clearly (iii)—(ii)—(i) holds in ZFC. The implication
(i)—(iv) follows, again in ZFC, from [43] and Lemma 2.5(ii).

It remains only to prove that (iv)—(iii) under V,. Suppose that G is an Abelian
group of size at most 2¢ satisfying both PS and CC. According to Lemma 9.2, there
exists a monomorphism ¢ : G — H, such that m,(¢(G)) is countably compact. Since
7x(Hy) is hereditarily separable (Lemma 7.7) and does not contain infinite compact
subsets (Lemma 8.1), its subgroup m,(¢(G)) has the same properties. It remains
only to note that 7, (¢(G)) is algebraically isomorphic to G.

Proof of Theorem 2.6: Clearly (iii)—(ii)—(i) holds in ZFC. The implication
(i)—(iv) follows, again in ZFC, from [43] and Lemma 2.5(i).

It remains only to prove that (iv)—(iii) under V,. Suppose that G is an Abelian
group of size at most 2 satisfying both PS and tCC. We need to consider two cases.

Case 1. G is not torsion. Apply Lemma 6.7(i) to G and ¢ = 0, [k, to find
a monomorphism ¢ : G — H, such that 0,(Ky) = ¢(Ko) C ¢(G). From the last
inclusion and condition (II3) of the Definition 5.3, one concludes that {3(7,(¢(G))) =
T? for every 3 € w;. Together with Lemma 4 of [21], this yields pseudocompactness
of m.(¢(G)). Since m.(H,) is hereditarily separable (Lemma 7.7) and does not
contain infinite compact subsets (Lemma 8.1), its subgroup 7.(¢(G)) has the same
properties. It remains only to note that m,(¢(G)) is algebraically isomorphic to G.

Case 2. G is torsion. Then G satisfies CC by item (vi) of Lemma 2.4. Since G
also satisfies PS, we can apply Theorem 2.7 (which has been proved by now) to get
a hereditarily separable countably compact (hence, pseudocompact) group topology
without infinite compact subsets on G.

Proof of Theorem 2.8: Clearly (iii)—(ii)—(i) holds in ZFC. To see that (i)—(iii)
if there are no S-spaces, note that in a model of ZFC without S-spaces, a hereditarily
separable group G must be hereditarily Lindelof, and thus G is compact and first
countable provided that G is pseudocompact. Finally, first countable groups are
metrizable.

Proof of Theorems 2.11 and 2.12: The implication (ii)—(i) in both theorems
is trivial. The implication (i)—(iii) in Theorems 2.11 and 2.12 follows from the
implication (i)—(iv) of Theorems 2.6 and 2.7 respectively. To prove the remaining
implication (iii)—(ii) in both theorems we note that, according to Case 1 in the proof
of Theorem 2.6, there exists a monomorphism ¢ : G — H, such that 7.(p(G)) is a
dense pseudocompact subgroup of T*!. Since T*! is connected and locally connected,
so is m.(p(Q)) (see, for example, [14, Fact 2.10]).

Proof of Theorem 2.14: Let us consider the following additional condition (iv):
|G| < 2° and @ satisfies both PS and CC.



FORCING HEREDITARILY SEPARABLE GROUP TOPOLOGIES 35

(i) <> (iv) has been proved in Theorem 2.7.

(i) — (ii). Let G be a non-trivial divisible Abelian group that admits a (separa-
ble) countably compact group topology. Recall that torsion pseudocompact groups
are zero-dimensional [10] and pseudocompact divisible groups are connected [59].
Since G is non-trivial, it follows that G is non-torsion. Now (ii) follows from the
implication (i) — (ii) of Corollary 2.12.

(i) — (i) is trivial.

(iv) — (iii). Since a non-trivial divisible group cannot be a bounded torsion group,
the inequality r(G) > ¢ follows from the definition of PS. If p is a prime number
such that 7,(G) is infinite, then r,(G) = |G[p]| and |G[p]| = |1 - G[p]| > ¢ by CC.

(iii) — (iv). Since r(G) > ¢, PS holds. It remains only to prove that G satisfies
CC. Let m > 1 and n > 1 be arbitrary integers. Assume, without loss of generality,
that mG|n| is infinite. This obviously yields n > 1, so let n = pi*...pl* be the
factorization of n with distinct primes py,...,pr. Then G[n] = @F, G[p], and
hence mG[n] = @, mG[p}’]. Since mG[n] is infinite, mG[p;’] must be infinite
for some j = 1,...,k. Then p = r, (G) > ¢ by (iii). Since G is divisible, the
pj-torsion part Gy, = U,e, G[p}] of G is divisible too', and hence Gy, = Z(p3°)®)
by [24, Theorem 23.1]. Therefore, G[p;’] = Z(p;j)(p). Since the group mG|p;] is
infinite, m does not divide p}’. In particular, mZ(p;’) # {0}. This proves that

mGp;’] = (mZ(pgj))(p) has size p, and so |mG[n]| > [mG[pj'] = p > ¢.

Proof of Theorem 2.22: The “only if” part is proved in Lemma 2.5(i). Let us
prove the “if” part. According to [12], an infinite cardinal 7 is called admissible
provided that there exists a pseudocompact group of size 7 (see also [14, Definition
3.1(1)]). We need to consider two cases.

Case 1. G is not torsion. Then PS implies r(G) > ¢, and therefore we have
¢ =¢¥ <r(G) < |G| < 2% Now the existence of a pseudocompact group topology
on G follows from [12, Theorem 6.4] or [14, Corollary 7.4] (where one needs to take
T =c¢).

Case 2. G is torsion. By item (i) of Lemma 2.4, G is a bounded torsion group, and
thus G[n] = G for some natural number n > 1. Item (vi) of Lemma 2.4 implies that
G satisfies CC. Therefore, for every m € w \ {0}, the group mG|[n] is either finite
or satisfies the inequality ¢ < |mG[n]| < |G| < 2°. In the latter case, the cardinal
|mG|n]| is admissible by items (i) and (ii) of [14, Lemma 3.4]. Now the existence
of a pseudocompact group topology on G[n] (= G) follows from the implication (d)
— (a) of [14, Theorem 6.2].

HRecall that a subgroup H of an Abelian group G is pure (in Q) provided that nH =nGNH
for every n € w. Note that G, is a pure subgroup of ¢(G) (being its direct summand). Since t(G)
is a pure subgroup of G and purity is transitive, it follows that G, is a pure subgroup of G. Now
it remains only to note that every pure subgroup of a divisible Abelian group is divisible.
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Proof of Theorem 2.28: To get implication (i)—(ii), combine implication (ii)—(iv)
of Theorem 2.6 with two facts: an S-space must be infinite, and an infinite pseu-
docompact group has size at least ¢ [20, Proposition 1.3 (a)]. To prove (ii)—(i),
combine implication (iv)—(iii) of Theorem 2.6 with the fact that pseudocompact
Lindelof spaces are compact.

Proof of Theorem 2.27: The implication (ii)—(i) is trivial. To prove (i)—(iii),
let G be an S-space. Then |G| < 2° because G is separable [43]. Since G is not
Lindeldf, G cannot be countable, and thus |G| > w. Since V, implies w; = ¢ (see
Definition 5.3), one gets |G| > «.

Let us prove that (iii)—(ii). Let G be an Abelian group such that ¢ < |G| < 2°.
If r(G) > ¢, then G satisfies PS and tCC (see item (v) of Lemma 2.4), and so we
can apply Theorem 2.28 (that has been proved by now) to get a pseudocompact
group topology on G that makes G into an S-space. Since pseudocompact groups
are precompact [8], we are done in this case. It remains only to consider the case
r(G) < ¢. Since ¢ < |G| = max{r(G),sup,cprp(G)} and cf(c) > w, we can fix
p € P with r,(G) > ¢. Therefore |G[p]| > ¢ and G[p| satisfies CC. Since G[p| is a
bounded torsion group, it satisfies PS by Lemma 2.4(i). Finally, |G[p]| < |G| < 2°.
Applying Lemma 9.2 to the group G[p] we can find a monomorphism ¢ : G[p| — H,
such that 7, (¢(G]p])) is countably compact. Since V,, implies 2° =  (see Definition
5.3), |Glp]] < 2° = Kk = r(H,), and |G[p]| < 2° = k = ry (Hy) for every ¢ € P.
Since H, is divisible, we can apply Lemma 3.17 (with G[p| as G’ and H, as H)
to get a monomorphism ¢ : G — H, extending ¢. Note that m.(p(G)) is alge-
braically isomorphic to G. Being a subgroup of the compact group T“!, 7, (p(G))
is totally bounded. Since m,(H,) is hereditarily separable (Lemma 7.7), To prove
that 7. (p(G)) is an S-space, it remains only to check that m,(¢(G)) is not Lindelof.
Observe that m.(¢(G[p])) = mx(p(Gp])) = m(0(Q))[p], and therefore 7, (d(G[p]))
is a (unconditionally) closed subgroup of the group m.(¢(G)). If the latter group
were Lindelof, its closed subgroup 7.(¢(G[p])) would be Lindelof as well. Being
countably compact, m.(¢(G[p])) must then be compact. Now 7. (¢(G[p])) must be
finite by virtue of 7. (¢(G[p])) € H, and Lemma 8.1. Since 7, is a monomorphism
(Lemma 12.5), and so is ¢, one concludes that G[p|] ought to be finte as well, in
contradiction with |G[p]| > c.

Proof of Theorem 2.29: Since countable compactness implies pseudocompact-
ness, the proof of this theorem is similar to that of Theorem 2.28, with reference to
Theorem 2.6 replaced by reference to Theorem 2.7.

11. FORCING

Let k > ws be a fixed cardinal. We note that the group H, from Definition 5.2 is
absolute, i.e. it does not change depending on the model. Our forcing construction
uses some ideas from Malyhin’s exposition [38, 5.4] of forcing notion due to Hajnal
and Juhdsz [26].
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Definition 11.1. (1) Let P, be the set of all structures p = (a?, H?, 7P, EP) where:
<1p) aP € wy,
(ii,) H? is a countable subgroup of H,,
(iii,) 77 : H? — T*" is a group homomorphism,
(iv,) &P € [[H?]*]=, and
(vp) if A € [a?]<, ¢ € T[0]4, k € w\ {0}, E € EP and the set

Epppar ={h € E:Va e A |nP(h)(a) — ¢(a)| < 1/k}
is infinite, then Ey 45 » € EP.

(2) For p,q € P, we define ¢ < p provided that the following holds:

(i1) of < af,

(ii2) H? C HY,

(iiig) 7(h) [, = 7P (h) for every h € HP, and

(ivl) if n € w, A € [a?\ a?]**, ¢ € T[n]*, k € w\ {0} and E € £? is almost
n-torsion in H,, then the set E4 ¢k e is infinite.

We should note explicitly that we allow A = () and ¢ = () in the definition of
the set E4 ¢k in condition (v,), and we define Epgy» = E. (Incidentally, the
last equality also follows from the formal definition of Ejygj » since the defining
restriction simply vanishes.) Observe that condition (iv?) is vacuously satisfied
when a? = of. Furthermore, if o = o”, then condition (iii]) simply means that
the homomorphism 74 : H? — T = T is an extension of the homomorphism
7w HP — T over H? D HP.

Lemma 11.2. (P,, <) is a partially ordered set.

Proof. 1t is clear that the relation < is reflexive and asymmetric, so it remains only
to check transitivity of <.
Let p,q,7 € Py, p < g and ¢ < r. Conditions (i7), (iij) and (iii;) immediately
follow from correspondent pairs of conditions (i), (i}), (iif), (i), (iii?) and (iii}).
Let us check (iv}). Assume E € &P is almost n-torsion in H, for some n € w,

Aefa"\a?|< ¢ € Tn]* and k € w \ {0} We need to show that the set Eq g
is infinite. Define A7 = AN (a?\a®), A" = AN(a"\a?), ¢? = ¢ 40 and ¢" = ¢ [ar.
(Note that we cannot exclude the case Aq gbq = or A” = qu = () or even both.)
Apply condition (ivl) to A? € [a?\ o?]*¥, ¢? € T[n]", k € w\ {0} and E € &P
to conclude that the set Eq pa ¢ is infinite, and condition (v,) now implies that
Epaga e € E9. Note that Ega gap e is an infinite subset of an almost n-torsion
set F, 80 Faagapqa itself is almost n-torsion. We can now apply condition (ivy)
to A" € [a"\ ], ¢" € TIn]Y, k € w\ {0} and Faagipa € £ to conclude
that the set (E%q 4q 1 ra)Ar g7 kar 18 infinite. Finally, note that (Eae gagra) ar gr par =
E4pknr O

Lemma 11.3. If {p, : n € w} C P, and py > p1 > -+ > py = Ppy1 = -+, then
there exists p € P, such that o = J{a?" :n € w} and p < p, for alln € w.
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Proof. Let o? = U{a?" : n € w}, H? = U{H?" : n € w}, EP» = U{EP" : n € w} and
7P 1 HP — T " be the map defined by 77 (h) = U{nP"(h) : n € w,h € HP"} for each
h € H?. Conditions (i,) through (iv,) are straightforward. To check (v,), assume
that A € [a?]<“, ¢ € T[0]4, k € w\ {0}, E € &P and the set E4 4} is infinite.
Since A C a? = U{a?" : n € w} is a finite set and E € EP = J{EP" : n € w}, there
exists n € w such that A C o and E € EP». Observe that Eu 4 50 = Ea ¢k xn and
thus the latter set is infinite. Now (v,,) implies E4 g0 = Eappmon € EPm C EP.
Thus, p = (a?, H?, 7P EP) € P,.

Let us check that p < p, for all n € w. Fix n € w. Conditions (i ), (ii ) and
(iii? ) are clear. To check (iv5 ), assume that i € w, A € [a? \ o], ¢ € T[n]*,
k€ w\ {0} and E € £ is almost i-torsion in H,. We need to show that E4 4k r»
is an infinite set. Pick m € w such that ¢ < m and A € [aP™ \ a?*]<“. Condition
(ivbm) implies that the set E4gpqom is infinite. Since Eagpzem = FEagpar, the
result follows. O

Lemma 11.4. Assume CH. Then (P, <) is we-c.c.

Proof. Suppose that {ps : § € wa} C P,. There exist I' € [w;]*? and o € wy such
that a?» = « for all v € I'. Since CH holds, by the A-system lemma applied to the
family {H? : v € I'} there exist IV € [I']*? and K C H, such that H?»» N HP" = K
whenever 3,y € " and § # ~ [37, Chapter II, Theorem 1.6]. Applying CH once
again, we can find I'” € [I"]*? such that 7?#(h) = 7?7 (h) whenever h € K, 3,7 € I
and # # 7. We now claim that the family {p, : v € I} consists of pairwise
compatible conditions. Indeed, let 3,y € I'" and (3 # 7. Define o = o, H" = HP5 4
HPy E"=EPs UEP and let 7 : H” — T = T be the homomorphism extending
both 7P% and 7P (Lemma 3.1). It is easy to check that r = (a", H", 7", E") € Py,
r <pgandr < p,. O

Lemma 11.5. If p € P, and E € [H,]=¥, then there exists ¢ € P, such that ¢ < p
and E C HY,

Proof. If E C HP, then ¢ = p works. Otherwise define o = of, H? = H? + (E),

E1 = £P and let w7 : H? — T = T be any homomorphism extending 7P
(such a homomorphism exists by Lemma 3.2 since the group T ** is divisible). Now
q={(a?, H1, 71 E7) does the job. d

Lemma 11.6. Given af € wy, a countable subgroup H? of H,., a homomorphism
79 H1 — T and € € [[HI|*]=¥, there exists £ € [[H]*]|=* such that £ C £ and
condition (v,) holds.

Proof. For every family C € [[H9*]=% define ¢’ = CU {Fagrma : C € C,A €
[@f]<“ ¢ € T[0]* k € w\ {0}, Fagrna is infinite}. Clearly C' € [[HY*]=¥. By
induction on n € w, define &, € [[HY*|=* as follows. Let & = &, and &,,; = &/, for
every n € w. It is easy to see that £9 = U{&, : n € w} satisfies the conclusion of
our lemma. 0
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Lemma 11.7. If p € P, and E € [H,|*, then there exists ¢ € P, such that ¢ < p
and E € £19.

Proof. Lemma 11.5 allows us to find » € P, such that » < pand £ C H". In
particular, £ C [H"]*. Apply Lemma 11.6 to a? = o", H? = H", 77 = 7" and
E =E"U{E} to get &1 € [[HY*]=* such that & C £ and condition (v,) holds. Now
qg={(a? H? 71 £7) € P, is as required. d

Lemma 11.8. If p € P, g € H? and g # 0, then there exists q € P, such that
q<p, af=a?+1 and mi(g) #0.

Proof. Let a? = o +1 and H? = HP. Apply Lemma 4.10 to G = H?, g and £ = &P
to get a homomorphism @ : G — T as in the conclusion of this lemma. Define now
a homomorphism 7¢ : G — T*" = T*"*! =T x T by #?(h) = (7P(h),w(h)) for
h € G. Since w(g) # 0, we have 7(g) # 0, as required. Finally, apply Lemma 11.6
to £ = EP to choose &9 € [[H)“]=¥ such that 7 C £7 and condition (v,) holds. Tt
is clear from our construction that ¢ = (a4, H?, 79, E9) € P,.

Let us prove that ¢ < p. Conditions (i), (ii?) and (iii?) are immediate from
our construction. It remains only to verify condition (iv{). Assume that n € w,
A€ fa?\ a?]<¢ ¢ € Tn]4, k € w\ {0} and E € &P is almost n-torsion in
H,. Since a?\ o = {aF}, either A = () or A = {a?}. If A = (), then ¢ = 0,
Ejpkre = Epgrnme = E and the latter set is infinite. Otherwise A = {a?} and
¢ = {(a®, z)} for some z € T[n]. By our choice of w the set E44pra = {h € E :
|T4(h) (o) — ¢(aP)| < 1/k} ={h € E : |w(h) — z| < 1/k} is infinite. O

Lemma 11.9. For every p € P, there exists ¢ € P, such that ¢ < p and 79 [g»:
HP — T is a monomorphism.

Proof. Without loss of generality, we may assume that H? is infinite (Lemma 11.5).
Let H? = {h, : n € w} be an enumeration of points of H?. By induction on n, we
repeatedly use Lemma 11.8 to obtain a decreasing sequence p = pg > p; > -+ >
DPn > Pni1 > ... of elements of P, such that 7" (h,) # 0. Choose p € P, such that
p < p, for all n (Lemma 11.3). Condition (iii} ) implies that 7”(h,,) # 0 for each n.
Thus the kernel of 7% | gp: HP — T is trivial. 0J

Lemma 11.10. Ifp € P, and § € wy, then there exists q € P, such that ¢ < p and
8 e al.

Proof. Lemma 11.5 guarantees the existence of p,» € P, such that p,» < p and
HPe» £ {0}. Pick g € HP>* with g # 0. By transfinite recursion on v € w; \ o, we
will construct p, € P such that:

(17) afr = Y

(2,) o < o <y implies py < pa.

Clearly p,»r € P, satisfies (14») and (2,»). Suppose now that we have already
constructed {p, : @ € v\ o’} for some v € w; \ o?.
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If v is a limit ordinal, then we can pick a strictly increasing sequence {7, : n € w}
of ordinals cofinal in v and apply Lemma 11.3 to find p, € P, such that a? =
U{aPn :n e w} =U{wm:n€w}=~and p, <p,, foralln € w. If § <, then
d < 7y, for some n, and thus p, < p,, < ps. This yields (2,).

If v =0 + 1 is a successor ordinal, then ps; < p,» implies g € HP«» C HP’ and
therefore we can apply Lemma 11.8 with ps as p (and our g) to find p, € P, such
that o =ao? +1=6+ 1= and p, < ps.

To finish the proof, notice that psy; can be taken as g. 0

12. PROOF OF CON(ZFC+c¢ = w1 &2¥ = k)—CON(ZFC+V,)

Let M, be a model of ZFC such that x € M,, P, € M, and both ¢ = w; and
2“1 = i hold in M. Let G C P, be a set P,-generic over M, and M, |[G]| the generic
extension of M, via G.

Lemma 12.1. Forcing with P, preserves cardinals.

Proof. From Lemma 11.3 it follows that the poset P, is countably closed (or wi-
closed in the terminology of [37]), and thus forcing with P, preserves cardinal w;
[37, Chapter VII, Corollary 6.15]. From Lemma 11.4, the fact that CH holds in
the ground model M, and [37, Chapter VII, Lemma 6.9] one concludes that forcing
with P, does not collapse cardinals greater or equal than ws. It now follows that all
cardinals are preserved by P,. 0

Lemma 12.2. P, does not introduce new countable sets. That is, if B € M,,
C € M,[G], C C B and C is countable in M,[G]|, then C € M,.

Proof. Since C' C B and C'is countable in M, [G], there exists a function f :w — B
such that C' = f(w) and f € M,[G]. Lemma 11.3 says that P, is countably closed
(or wy-closed in the terminology of [37]), so applying [37, Chapter VII, Theorem
6.14] (with A = w and A\ = wy) yields f € M,. Since w € M,, f € M, and M, is a
model of ZFC, it now follows that C' = f(w) € M,. O

From Lemmas 11.5 and Lemma 11.10 we obtain
Lemma 12.3. In M,[G]|, we have H, = U{H? : p € G} and w1 = U{a? : p € G}.
In M,[G], for each h € H, define m.(h) = U{n"(h) :p € G,h € HP}.

Lemma 12.4. (i) n.(h) € T“" for every h € Hy.
(i) If p € G and h € H?, then mw.(h) [ap= 7P (h).

Proof. This follows via standard argument from (iii,), (iii?) and the fact that G
consists of pairwise compatible elements. 0

Lemma 12.5. In M,[G]|, 7, : H, — T“' is a monomorphism.

Proof. Conditions (iii,) and (iii?) imply that 7. is a group homomorphism. Lemma
11.8 and standard density argument yields that the kernel of 7, is trivial. ([l
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By the above lemma, m,(H,) is a subgroup of T“! algebraically isomorphic to
H,. In M;[G], we will always consider T“' equipped with the Tychonoff product
topology. Recall that T“! is compact.

Lemma 12.6. In M,[G], ¢ = w; and 2** = 2° = k.

Proof. According to Lemma 12.2, the values of 2* = ¢ in both models M, and M, |[G]
coincide. Since w; = ¢ holds in M,, and w; is preserved (Lemma 12.1), we conclude
that w; = ¢ holds in M,[G] as well.

Lemma 12.5 implies that k = |H,| < |[T“!| = ¢t < (291)%1 = 2“1 holds in M,[G].
It remains only to show that the reverse inequality 2 < x holds in M,[G].

First, observe that, in M,;, one has k* = (21)“1 = 2¥1 = . In particular, k¥ = &
holds in M,..

Second, we claim that |P.| = s in M,. Indeed, in M, we have |H| = k, which
implies |[H,]=¥| < k¥ = k and |[[H.]*]=*| < k¥ = k, and thus the number of
group homomorphisms 7, : H — T with H € [H,]=* and o € w; is bounded by
K-wp- ¢ =K.

Third, since CH holds in M, every antichain in (P,, <) that is an element of M,
has size at most w; (Lemma 11.4). Therefore, in M,;, the total number of antichains
in (P, <) does not exceed |P“'| = k' = k. This yields that the number of nice
P.-names (in the sense of [37, Chapter VII, Definition 5.11]) in M, for subsets of
wy does not exceed k¥ = k. Arguing as in the end of the proof of [37, Chapter VII,
Lemma 5.13], we can now conclude that 2“* < x holds in M,[G]. O

Lemma 12.7. In M,[G], ifn € w\ {1} and E is an almost n-torsion subset of H,,
then there exists v € wy such that the set {m.(h)|u\,: h € E} is dense in T[n]*1\.

Proof. For n € w, let E be an almost n-torsion subset of H,,. Using Lemma 11.7 and
a standard density argument we conclude that there exists p € G such that E € EP.
We claim that v = «, works. Since T[0]“'\” is dense in T“1\7, it suffices to check the
following property: If A € [w; \ 7]<¥, ¢ € T[n]* and k € w \ {0}, then there exists
h € E such that |m.(h)(a) — ¢(a)| < 1/k for each o € A. By Lemma 11.10 and
the standard density argument, one can find ¢ € G such that ¢ < p and A C af.
Observe that A € [a?\ 7]<¥ = [a? \ a?|<“, and the condition (iv]) implies that the
set F4 ¢k re 1s infinite. Pick arbitrarily h € E4 4 -« and note that, according to the
definition of E4 4k re, one has h € E and |7?(h)(o) — ¢(a)| < 1/k for each a € A.
Finally, A C o? and Lemma 12.4(ii) yield 7%(h)(«) = 7(h)(«) for every a € A. O

Recall that K,, = T[n]“" when n > 1 and Ky = Z“"), see Definition 5.1(i).

Lemma 12.8. Suppose that p € P, 3 € wy, n € w\ {1}, y € T? with ny =0, and
N 1s an uncountable subgroup of H, isomorphic to K,,. Then there exist ¢ € P, and
x € NN H? such that § € o and 7(z) [s=y.

Proof. By our assumption, we can write N = @,¢,, Co, Where each C, is alge-
braically isomorphic to T[n] when n > 1 and to Z when n = 0. By Lemma
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11.10, there exists r € P, such that r < p and § € . Pick arbitrarily ele-
ment y' € T with 3 [3= y and ny’ = 0. Observe that there must exist o € w;
such that C, N H" = {0}. Indeed, otherwise, for each o € w; there would exist
he € Co M HP \ {0}, and all these elements h, must be pairwise distinct (because
CoNCs = {0} for a # [3), thereby implying |H"| = w1, a contradiction. Fix a € w;
with C, N H" = {0}, and let = be any generator of the cyclic group C,. By the
choice of x, there exists a group homomorphism ¢ : () — (y') such that p(z) =¥/
Define o = ", €9 =E", H' = H" + (), and let 77 : H" — T =T be a group
homomorphism which extends both 7" and ¢. (Such a homomorphism exists by
Lemma 3.1 because (z) N H" = C, N H" = {0}.) Then ¢ = (a4, H?,19,£9) is as
required. 0

Lemma 12.9. In the ground model M,, let N be a subgroup of H, isomorphic to
K, for somen € w\ {1}. Then, in the generic extension M,[G|, the image m.(E)
of every almost n-torsion set E C H, has a cluster point in m,(N).

Proof. We will need a piece of notation. For vy € wy +1, A € [y]<¥, ¢ : A — T and
m > 1 we define

Vi(Ayhym) ={f € T7 :Va € A |f(a) —(a)] < 1/m}.

Assume that E' € M,[G] is an almost n-torsion subset of H,. Since E is countable,
E € M, by Lemma 12.2. Using Lemmas 11.9 and 11.7 we can find p € G such that
E € &P (and thus E € [H?)]¥) and 7P |g: E — T is an injection. The latter
condition implies that 7P(E) is a countable infinite subset of the compact space
T <", and hence 7?(E) must have a cluster point y € T *".

If n = 0, then the reader should skip this paragraph and go directly to the next
paragraph. Otherwise, we have n > 1 and E C H|[n|, by the definition of almost
n-torsion set. Since 7P is a group homomorphism, 7?(E) C 7P(H,[n]) C T[n]*".
Since the set T[n]®" is closed, it follows that y € T[n]*", and therefore ny = 0.

Lemma 12.8 and standard density argument allow us to find ¢ € G and x € KNH?
such that ¢ < p and 74(2) [ar= ¥.

If n = 0, then the reader should again skip this paragraph. Otherwise n > 1, and
since K, ¥ K C H, and z € K, we have x € H,[n|. Then 7 (x) € m,(H.[n]) C
T[n]“* because 7, is a group homomorphism.

Let us prove that 7. (z) is a cluster point of 7. (F). Suppose that O is an open
subset of T“' such that m(x) € O. There exist A € [wy]<*, 9 : A — T and m > 1
such that 7. (z) € V,,,(A,¢,m) C O. Since T[0] is dense in T (and m,(z) € T[n]*
when n > 1), we can find ¢ : A — T[n| and k£ > 1 such that 7. (z) € V,,, (A, ¢, k) C
Vi, (A0, m). Lemma 11.10 and a standard density argument imply the existence
of some r € G with r < g and A € [a"]<%. Define A? = ANaP, ¢ = ¢ [an,
A" =ANn(a"\a?) = A\ AP and ¢" = ¢ | 4r. Since m.(z) € V,,, (A, ¢, k), it follows
that y = 7P(x) [ar€ Vo (AP, ¢F, k). Since y is a cluster point of 7P(E) in T*" and
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the set Vo (AP, P, k) is open in T, the intersection
7Tp(E) N Vap(Ap7 ¢p7 ]{7) = {h ek Wp(h) c Vap(Ap, pr, k)} = EAP,Qsp,k,ﬂp

must be infinite as 7?7 is a monomorphism. Since E € &P, we conclude that
Esp gp o nv € EP by condition (v,). Being an infinite subset of an almost n-torsion set
E, Ep gv qv is also almost n-torsion. Applying condition (iv}) to A™ € [a" \ a?]<¥
¢" € T[n]Y", k and Eap 4o 1 v, we conclude that the set

(EAP’¢P7k’7rP>AT’¢r’k’7rT — EA,(;S,kJr" = {h E E . Wr(h) 6 Var'(A, Qb, k)}
is infinite. Observe that
{he E:n"(h) € Vir (A, ¢, k)} ={h € E: m.(h) € V,(A, ¢, k)}

by Lemma 12.4(ii), and so the intersection 7, (E)NV,, (A, ¢, k) is also infinite. Since
Vi, (A, 0, k) €V, (A9, m) C O, the set m,(F) N O must be infinite as well. We
have proved that every open neighborhood O of 7, (z) has an infinite intersection
with 7. (E), which yields that m,(z) is a cluster point of 7, (E). O

Theorem 12.10. Con(ZFC + ¢ = w1 &2“" = k) — Con(ZFC + V,,).

Proof. In the ground model My, use Lemma 3.18 to fix a monomorphism 6, : K —
H,.. We are going to prove that V, holds in M,[G]. In view of Lemmas 12.5 and
12.6, it remains only to check that 7, and 6, satisfy conditions (II;), (II2) and (II3)
from Definition 5.3.

(IT;) follows from Lemma 12.7.

(IIy) Let E € [H,]=* be an almost n-torsion subset of H,. Note that n € w\ {1}
and N = 0,(K,) is a subgroup of H, that belongs to M. Since 0, is a monomor-
phism, N = K,,. Now Lemma 12.9 applies.

(IT3) Since 6, is a monomorphism from the ground model M,, the subgroup
N = 0,(Ky) of H, belongs to M, and is isomorphic to Ky. Now Lemma 12.8 (with
n = 0) and the standard density argument allow us to conclude that the following
holds in M,[G]: For every 3 € wy, &3(m(N)) = T?. This yields (II3). O

13. ALGEBRAIC STRUCTURE OF COMPACT METRIC ABELIAN GROUPS

Recall that an Abelian group G is reduced if it does not have non-zero divisible
subgroups. We start with a well-known algebraic property of Abelian groups [24].

Lemma 13.1. Every Abelian group G admits a unique representation G = D(G) @
R(G), where D(G) is the mazimal divisible subgroup of G, the subgroup R(G) =
G/D(G) of G is reduced and

(9) D(G)= Q¥ @ (EB Z(p“)(s”)) :

peP

where s, 5, for p € P are suitable cardinals uniquely determined by G.
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While the description of Abelian groups admitting compact group topology is
well-known (see, for example, [30]), the case of metrizable compact groups cannot
be found in the literature. This is why we provide a complete self-contained proof
of this case in our next theorem.

Theorem 13.2. (1) An Abelian group G admits a compact (metric) group topology
if and only if both its divisible part D(G) and its reduced part R(G) admit a compact
(metric) group topology.

(2) D(G) admits a compact metric group topology if and only if the cardinals s
and s, (p € P) from Lemma 15.1 satisfy the following conditions:

(2a) Eithers =0 ors =z,

(2b) For each p € P, s, <s holds, and either s, is finite or s, = c.

(3) R(G) admits a compact group topology if and only if

(10) R =TT (2 T 207 ).
peEP n=1

where the cardinals a,, are either finite or have the form a,,, = 2%,

(4) R(G) admits a compact metric group topology if and only if (10) holds and
the cardinals from (10) satisfy the following conditions:

(4a) b, < w for everyp € P,

(4b) For every p € P and each n € w \ {0}, the cardinal a,,, is either finite or

equal to c.

Proof. (1) The “if” part is clear. To prove the “only if” part, assume that G is a
compact (metric) group. The connected component ¢(G) of G is a closed subgroup
of G. Therefore, both ¢(G) (considered as a subspace of G) and the quotient group
G/c(@G) are compact (metric) groups.

Since R(G) = G/D(G), it remains only to prove that ¢(G) = D(G). It is a well-
known fact that a compact Abelian group is connected if and only if it is divisible
[30, Theorem 24.25].'* Hence ¢(G), being connected, is divisible. By maximality
of D(G) we have ¢(G) C D(G). The closure H of D(G) in G is a compact group.
Let n € w\ {0}. Being the image of the compact set H under the continuous map
that sends h to nh, the set nH is compact as well. In particular, nH is closed in
G. Note that D(G) = nD(G) € nH by divisibility of D(G), and hence H C nH.
We have proved that H C nH for every n € w \ {0}, which yields divisibility of H.
Applying the result cited in the beginning of this paragraph to the compact group
H, we conclude that H is connected, and so D(G) C H C ¢(G).

(2) According to [30, Theorems 25.23, 25.24], D(G) admits a compact metrizable
group topology if and only if either D(G) = {0} (i.e., s =5, = 0 for each p € P) or
s = ¢ and, for each p € P, the cardinals s, take only finite values or ¢.

12For a comment on the counterpart of this property in the non-compact case see Example
14.14.
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(3) According to [30, Theorem 25.22], the reduced part R(G) admits a compact
group topology if and only if (10) holds for suitable cardinals b, and a,, .

(4) To prove the “if” part, assume that (10) holds, where the cardinals b, and
a,, satisfy conditions (4a) and (4b).

Then for p € P and n € w\{0} the group Z(p™)@=») is either finite, or algebraically
isomorphic to Z(p™)“. In both cases it carries a compact metrizable group topology.
The product topology of the group Zf;’ is also a compact metrizable group topology.
Now the product topology on the product in (10) is a compact metrizable group
topology for R(G).

Before proceeding with the rest of the proof, recall that a subgroup H of an
Abelian group G is pure (in G) provided that nH = nG N H for every n € w.

To prove the “only if” part, assume that R(G) is equipped with a compact metriz-
able group topology. Since D(R(G)) = {0}, this topology is totally disconnected [11,
Corollary 3.3.9]. Hence the Pontryagin dual X of G is a torsion countable group [30,
Theorems 24.15, 24.26]. Let X = @,cp Xp, where X, is the p-torsion subgroup of
X. According to [24, §33], X, admits a p-basic subgroup B,, i.e., a pure subgroup B,
such that X, /B, is divisible, so X,/B, = Z(p>)®), and B, = @pe. 0y Z(p") "
with b, < w and v, , < w. Consequently, the compact Pontryagin dual K, of X, has
a closed subgroup N, = A(B,) (the annihilator of B,) such that N, is isomorphic
to the dual of the divisible quotient X,,/B,, hence

(11) N, =27Z» and K,/N,= [[ Z(p"),
new\{0}

the group K,/N, being isomorphic to the dual of B,
Claim 1. For each p € P, N, is a pure subgroup of K.

Proof. Forn € wlet B = {z € X, : nx € B,}, so that nK, = A(B) is the annihilator
of B in K,. By the purity of B, one can easily deduce that B = X,[n]+ B,. Indeed,
if nx € B, for some x € X,,, then nx € B,NnX, = nB,, so nx = nb for some b € B,
and consequently x — b € X,[n|. Taking annihilators we get

nN, = nA(B,) = A(B) = A(X,[n] + B,) = A(X,[n]) N A(B,) = nK, N N,.
This proves that N, is a pure subgroup of K. 0

According to [30, Theorem 25.21] and the above claim, the subgroup N, of K, is
a direct factor of K, i.e., K, 2 N, x K,/B,. Since R(G) = [[,cp K, (11) yields
(10), since Z(p")t» = Z(p")©») where a,,, = t,, if the latter cardinal is finite,
otherwise a,, , = 2"» = ¢ when t,, , = w. O

As an easy application of the above theorem, we can see that some well-known
groups do not admit compact group topologies.

Example 13.3. Neither the Specker group 7%, nor any free Abelian group admit a
compact group topology. Indeed, let G be either the Specker group or a free Abelian
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group. Assume that G has a compact group topology. Since D(G) = {0}, from
Theorem 13.1 it follows that G = R(G), and therefore G must have the form (10)
in view of item (3) of Theorem 13.2. Since G is torsion free, all a,, , are zero. Hence
G =1lpep ng. Assume that b, # 0 for some prime p. Then, for every prime ¢q # p,
the subgroup H = ng of G is q-divisible, i.e., gH = H # 0. On the other hand,
it is easy to see that N,c, ¢"G = {0}, a contradiction since this intersection must
contain the non-zero subgroup H.

Example 13.4. Let GG be either the Specker group G = Z* or the free Abelian
group of size ¢. Then the existence of a hereditarily separable pseudocompact group
topology on G is both consistent with and independent of ZFC'. Indeed, our previous
example and Theorem 2.8 imply that G does not admit a hereditarily separable
pseudocompact group topology in any model of ZFC in which there are no S-spaces.
On the other hand, according to Theorem 2.11, under V,, the group G admits
a hereditarily separable, pseudocompact, connected and locally connected group
topology without infinite compact subsets.

14. FINAL REMARKS AND OPEN PROBLEMS

The reader may wonder if weaker versions of our main results, with “hereditarily
separable” weakened to “separable”, can be proved in ZFC. The following three
theorems providing a positive answer to this question are particular cases of general
results from [16].

Theorem 14.1. The following conditions are equivalent for any Abelian group G:
(i) G has a separable group topology,
(ii) G has a separable precompact group topology,
(iii) |G| < 2.

Theorem 14.2. The following conditions are equivalent for any Abelian group G:
(i) G admits a separable pseudocompact group topology,
(i1) |G| < 2° and G satisfies both PS and tCC.

Theorem 14.3. The following conditions are equivalent for any Abelian group G:
(i) G admits a separable connected precompact group topology,
(i1) G admits a separable connected and locally connected pseudocompact group
topology,
(i1i) G is non-torsion and admits a separable pseudocompact group topology,
(iv) G is a non-torsion group satisfying both |G| < 2° and PS,
(v) e <r(G) < |G| <2°

In particular, the group Z“ admits a separable connected, locally connected group
topology.

The lack of any ZFC results about separable countably compact topologies on
Abelian groups justifies our next problem:
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Problem 14.4. Describe in ZFC the algebraic structure of separable countably
compact Abelian groups.

The next question provides a natural hypothesis for the solution of the above
problem:

Question 14.5. Is it true in ZFC that an Abelian group G admits a separable
countably compact group topology if and only if |G| < 2¢ and G satisfies both PS
and CC?

Question 14.6. Is it true in ZFC that an Abelian group G of size at most 2° admits
a countably compact group topology if and only if G satisfies both PS and CC?

Our Theorem 2.7 gives a strong positive consistent answer to both Questions
14.5 and 14.6. We hope that an answer to these two questions will not involve
set-theoretic complications described in Example 13.4.

Question 14.7. (i) Is it true in ZFC that the Specker group Z“ admits a countably
compact group topology?

(ii) Does Z“ has a separable countably compact group topology in ZFC?

(iii) In ZFC, does Z* admit a countably compact separable group topology with-
out non-trivial convergent sequences (without infinite compact subsets)?

Our Corollary 2.13 gives a strong consistent positive answer to (all items of) the
above question. The reader may also want to consult Example 13.4 for relevant
independence results.

Our next two questions are motivated by Corollary 2.20.

Question 14.8. Is there a torsion Abelian group that admits a pseudocompact
group topology but does not admit a countably compact group topology?

Question 14.9. Does there exist a torsion-free Abelian group that admits a pseudo-
compact group topology but does not admit a countably compact group topology?

Recall that an Abelian group G is called algebraically compact if there exists an
Abelian group H such that the direct sum G & H admits a compact group topology,
i.e. if G is a direct summand of some compact group. (More precisely, Kaplansky [35]
introduced algebraically compact groups via several equivalent properties, including
this one.) Algebraically compact groups form a relatively narrow subclass of Abelian
groups (for example, the integers Z are not algebraically compact) that plays a
prominent role in the theory of infinite (abstract) Abelian groups. It has been shown
in [14, Theorem 8.15] that every Abelian group G is “algebraically pseudocompact”
in the sense that one can find an Abelian group H such that G & H admits a
pseudocompact group topology. This makes it natural to wonder whether this result
could be strengthened to show that every Abelian group is “algebraically countably
compact”:
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Question 14.10. Is every Abelian group a direct summand of an Abelian group
that admits a countably compact group topology?

Our next theorem provides a positive consistent answer to this question for
Abelian groups of small size:

Theorem 14.11. Under V,, for every Abelian group G of size at most 2° there
exists an Abelian group H such that G & H admits a (hereditarily separable, con-
nected, locally connected) countably compact group topology (without infinite compact
subsets).

Proof. Let H = H, and A =G @ H. Since r(A) > r(H) = 2° > ¢, A satisfies PS.
For every pair of integers m > 1 and n > 1, one has mA[n] = mG[n] ® mH [n], and
so [mA[n]| > |mH]n]| = 2° > ¢. Thus A satisfies CC. By Theorem 2.11 A admits
a (hereditarily separable, connected, locally connected) countably compact group
topology (without infinite compact subsets). O

It was proved in [18, Corollary 5.3] that a divisible Abelian group of size ¢ admits a
countably compact group topology if and only if it admits a compact group topology.
Item (i) of our next example demonstrates that this equivalence no longer holds for
divisible Abelian groups of size bigger than c.

Example 14.12. Let p be a prime number and o, 7 cardinals satisfying ¢ < o <
7 < 2% and let G, , = Z(p>®)") @ Q).

(i) Under V,, the divisible group G, . admits a (hereditarily separable, connected,
locally connected) countably compact group topology (without infinite compact sub-
sets) but cannot be equipped with any compact group topology. Indeed, the existence
of the required countably compact group topology on G, . follows from Theorem
2.14. On the other hand, since r(G) = 0 < 7 = 1,(G), G, does not admit a
compact group topology by [30, Theorem 25.23] (see also Theorem 13.2).

(ii) In any model of ZFC without S-spaces, G, does not admit a hereditarily
separable pseudocompact group topology. Indeed, as was noted above, G, . does not
admit a compact group topology, and now the conclusion follows from Theorem 2.8.

Combining (i) and (ii), we get

(iii) The existence of a hereditarily separable countably compact (or pseudocom-
pact) group topology on G, is both consistent with and independent of ZFC.

Problem 14.13. In ZFC, give an example of a divisible Abelian group that admits
a countably compact group topology but does not admit a compact group topology.

Recall that divisible pseudocompact groups are connected [59]. We show in our
next example that (even) countably compact connected groups need not be divisible.

Example 14.14. A connected countably compact Abelian group that is not divisible.
Take K = T and let G = {x € T°: [{a € ¢: z(a) # 0}| < w} be the X-product

of c-many copies of T considered as a subgroup of K. Let a be the only element of
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T of order 2 and let a € K be the element having all coordinates equal to a. Then
C = (a) = Z(2) trivially meets G, hence H = G +C = G & C is not divisible.
On the other hand, H is countably compact since every countable subset of H is
contained in a compact subgroup of H. As a dense countably compact subgroup of
the connected group K, the group H is connected too (see, for example, [14, Fact
2.10]).

We finish this paper with a series of questions related to the existence of convergent
sequences in compact-like groups.

Our Corollary 2.16 both motivates our next question and demonstrates that the
positive answer to it for Abelian groups of size at most 2°¢ is consistent with ZFC.

Question 14.15. (i) Does every pseudocompact (Abelian) group admit a pseudo-
compact group topology without non-trivial convergent sequences (without infinite
compact subsets)?

(ii) Does every countably compact (Abelian) group admit a countably compact
group topology without non-trivial convergent sequences (without infinite compact
subsets)?

The next question, going in the opposite direction, may be considered as a “count-
ably compact heir” of Fact 1.2(i) that still has a chance of positive answer in ZFC.

Question 14.16. Let GG be an infinite countably compact group. Does G have a
countably compact group topology that contains a non-trivial convergent sequence?

The pseudocompact variant of this question seems to be open as well.

Question 14.17. Let G be an infinite pseudocompact group. Does G have a pseu-
docompact group topology that contains a non-trivial convergent sequence?

The infinite symmetric group S(X) and the free group F(X) do not admit any
countably compact group topology (Proposition 1.3 and [12, Theorem 4.7]; see also
[14, Corollary 5.14]). These two examples are “highly non-commutative” in na-
ture. Since it appears to be so hard to get countably compact group topologies
on “highly non-commutative groups”, one might hope that when such groups do
admit a countably compact group topology, this topology must necessarily have a
non-trivial convergent sequence.

Recall that the derived subgroup G’ of a group G is the smallest subgroup of G
that contains the set {ryz~ly™! : z,y € G}. Obviously, G is Abelian if and only
if G’ is the trivial subgroup of G. A group G is called a perfect group if it satisfies
G'=G.

Question 14.18. If G is an infinite countably compact group satisfying G' = G,
must G have a non-trivial convergent sequence?

Question 14.19. Let G be an infinite countably compact group without open
Abelian subgroups. Does G have a non-trivial convergent sequence?
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At first look the requirement “without open Abelian subgroups” appears to be a
somewhat poor approximation of an the intuitive notion of “highly non-commutative
group”. Indeed, the following version of Question 14.19 seems to be a much better
choice for capturing that notion: If G is an infinite countably compact group with
trivial center Z(G) ={g € G : xg = gz for each x € G}, must G have a non-trivial
convergent sequence? Unfortunately, Example 14.21 below shows that this version
has a consistent negative answer. In order to construct a counter-example, we will
need a standard construction of a semidirect product.

Identify the cyclic group Z(2) with the multiplicative group {1,—1}. Let A be
an Abelian group. The semidirect product A x Z(2) of A and Z(2) with respect
to the action of Z(2) on A given by a — —a is defined as the Cartesian product
A x Z(2) with operation (a,z) - (¢’,2’) := (a + xd’,zz’"). We identify A with the
subgroup A x {1} of A x Z(2) via the map a +— (a,1). If A is a topological group,
then A x Z(2) equipped with the product topology is a topological group. (Here
Z/(2) carries the discrete topology.)

Proposition 14.20. Let A be a countably compact Abelian group and let G =
A X Z(2) be the semidirect product with respect to the action a — —a of Z(2) on
A. Then the product topology makes G into a countably compact topological group
containing A as an open (normal) subgroup of index 2. Moreover,

(a) G is Abelian if and only if A is Boolean;

(b) G has trivial center if and only if ro(A) = 0;

(c) the derived subgroup G' of G coincides with 2A x {1};

(d) G has non-trivial convergent sequence if and only if A does;

(e) G is (hereditarily) separable if and only if A is (hereditarily) separable;

(f) G is locally connected if and only if A is locally connected;

(9) G is totally disconnected if and only if A is totally disconnected.

Proof. (a) follows from the fact that the action of Z(2) on A is trivial if and only if
A is a Boolean group.

To verify (b) note that when A is not Boolean, then the center of G is precisely
A[2] x {1}.

(c) Under the identification of the subgroup A x {1} of G with A, the quotient
group G/2A = 7Z(2) x Z(2) = 7Z(2) x Z(2) is Abelian by item (b). This yields
G’ C 2A. To prove the opposite inclusion take an a € A and note that (2a,1) =
27t (a, 1)t 2+ (a,1) € G', where z = (0, —1).

(d)-(g) easily follow from the fact that A is an open subgroup of G. O

Example 14.21. Let A be any Abelian group without non-trivial convergent se-
quences such that r9(A) = 0. Then G4 = A x Z(2) is a countably compact group
with trivial center and without non-trivial convergent sequences (items (b) and (d)
of Proposition 14.20).

(i) If 7 is a cardinal with ¢ < 7 < 2¢ and A is the group Z(™ equipped with the
topology from item (ii) of Corollary 2.13, then Proposition 14.20 yields that G 4 is a



FORCING HEREDITARILY SEPARABLE GROUP TOPOLOGIES 51

hereditarily separable countably compact, locally connected group with trivial center
and without non-trivial convergent sequences.

(ii) If p > 21is a prime, 7 is a cardinal with ¢ < 7 < 2° and the group A = Z(p)(") is
equipped with the topology from item (ii) of Corollary 2.10, then Proposition 14.20
yields that G 4 is a hereditarily separable countably compact zero-dimensional group
with trivial center and without non-trivial convergent sequences. (Zero-dimensionality
follows from [10].)

Example 14.22. Let A be any countably compact Abelian group without non-
trivial convergent sequences such that 24 = A. According to items (c), (d) and
(e) of Proposition 14.20, the group G4 = A x Z(2) satisfies Ga/G'y = 7Z(2), is
both hereditarily separable and countably compact, and does not have non-trivial
convergent sequences.

Observe that the derived subgroup G4 of the group G 4 from our previous example
is “large” in the sense that the quotient G4 /G’y = Z(2) is very “small”, and yet G 4
is still very far from being a perfect group. Indeed, the derived subgroup G’ of G4
is Abelian, and thus G4 itself is meta-Abelian.

Note that all groups of the form G4 in Examples 14.21 and 14.22 have an open
Abelian subgroup A of index 2. Therefore they have no negative impact on Question
14.19, and in fact, make it appear now more natural.

Finally, we recall that MA yields a positive answer to both Questions 14.18 and
14.19 for groups of weight < ¢ [9].

Remark 14.23. Additional applications of our results from Section 2 can be found
in the forthcoming paper [15].
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