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1. INTRODUCTION

Let G be a finite group, F' be an algebraically closed field of characteristic
p > 0, and B be a block of the group algebra F'G with defect group D. Let Cg =
(¢ij) be the Cartan matrix of B and p(B) be the Frobenius-Perron eigenvalue
(i.e. the largest eigenvalue) of Cp. Let (K, R, F') be a p-modular system, where
R is a complete discrete valuation ring of rank one with R/(7) ~ F for a unique
maximal ideal () and K is a quotient field of R with characteristic 0. Let us
denote the number [(B) of irreducible Brauer characters in B simply by [.

We studied on integrality of eigenvalues of the Cartan matrix of a finite group
in [4], [17]. Let Rp and Ep be the set of all eigenvalues and Z-elementary
divisors of Cg, respectively. For cyclic blocks or tame blocks, we proved that
p(B) € Z if and only if Rg = Eg, and for any p-blocks of p-solvable groups, we
proved that p(B) = |D| if and only if Rg = Ep. Recently, C.C. Xi and D. Xiang
proved that a cellular algebra A is semisimple if and only if all eigenvalues of
the Cartan matrix of A are rational integers and the Cartan determinant is 1
([15, Theorem 1.1]).

Then, what do eigenvectors of C'z mean? In this article the author showed
that if all eigenvalues of Cp are rational integers for a cyclic block B, a tame
block B, a p-block B of a p-solvable group or the principal 3-block B with
elementary abelian Sylow p-subgroup of order 9, then there exists a unimodular
matrix Ug over R whose columns consist of eigenvectors of C'gz. We call Ug an
eigenvector matriz of Cg. From Linear Algebra Up diagonalizes C'g. In these
cases above, we can take as Up actually the Brauer character table matrix for
some blocks. For details see [19].



2. PRELIMINARIES

We had the following basic conjecture in [4].

Conjecture (Questions 1 and 2 in [4]).  Let G be a finite group. Let B be a
block of FG with defect group D. Then the following are equivalent.

(@) p(B) € z.

() p(B)=|D|.

(¢) Rp=Ep.

For several groups or blocks we proved that Conjecture is true, but we do
not yet prove for any finite groups. If this conjecture is true, these conditions
must be equivalent to

(d) all eigenvalues of Cp are rational integers.

Because, (d) implies (a) , and (c¢) implies (d). Here we try to consider proving
(d) — (c) in the following section. To begin with, we state some preliminary
results in [4]. We first introduce some notation. Let IBr(B) = {1, -+, ¢} be
the set of irreducible Brauer characters in a block B of FG. Let {z1,--- ,x;}
be a set of representatives of p-regular classes of G associated with B ([10,
Theorem 11.6]). Let us set ; = “(¢1(z;), - ,¢i(x;)) for 1 < j <1 and let
Pp = (1, , ;) = (wi(x;)) be the Brauer character table of B. Here for a
matrix A we denote by ‘A the transposed matrix of A.

Theorem 1 (Proposition 2 in [4], see also [1, Lemma 4.26 (Lusztig)]). Let B be
a block of FG with defect group D. Suppose D <1 G. Then the following hold.
(1) Cpf = |DIf, where £ = py(1), - (1)) for {1, 1} = IBr(B).
(2) Rg=Ep={|Cp(x1), - ,|Cp(x))|}, where {x1,--- ,2;} is a set of repre-
sentatives of p-reqular classes of G associated with B. In particular,

Cp®p = ®p diag{|Cp(z1)], -+, [Cp(z1)|}.

Theorem 2 (Theorem 1 in [4]). Let G be a p-solvable group and let B be a
block of FG with defect group D. Then the following are equivalent.

(a) p(B) =|D]|.



(b) Rp = Ep.
(c) the height of ¢ =0 for any ¢ € 1Br(B).
(d) f= "e1(1), -+, (1)) is an eigenvector for p(B).

Theorem 3 (Proposition 3 in [4]). Let B be a block of FG with a cyclic defect
group D. Then the following are equivalent.

(a) p(B) € 2.

(b) p(B) =D

(¢) Rp=FEp.

(d) The Brauer tree I'p of B is a star and its exceptional vertex with multiplicity
m, if it exists, is at the center. In this case

m+ 1 m m
Cp = m m+1
m
m m m+1

(e) B is Morita equivalent to its Brauer correspondent block b of FNg(D) .

Theorem 4 (Proposition 4 in [4]). Let B be a tame block (not finite type) of FG
with defect group D (i.e. p =2 and D is isomorphic to a dihedral, a generalized
quaternion or a semidihedral group). Then the following are equivalent.

) One of the following holds.
0 1=1,
(

ii) | =3,D ~ E; (an elementary abelian group of order four) and

2 1
Czp=1[1 2
11

NN

(iii) [ =3,D ~ Qs (a quaternion group of order eight) and

Cp =

DN DN
N N
=~ NN

(e) B is Morita equivalent to its Brauer correspondent block b of FNg(D).



3. ALL EIGENVALUES OF Cp ARE INTEGERS

Lemma 1 ([5, Proposition 4.5]). Let B be a block of FG with defect group
D. Let X be an eigenvalue of Cg. Then there is an algebraic integer p such

that \p = |D|. In particular, if X is a rational integer, then X is a power of p
dividing | D).

From Linear Algebra there exists a non singular matrix Ug over the field
R of real numbers whose column vectors consist of linearly independent [
eigenvectors of Cp such that Ug'CpUp = diag{p:,--- ,p} since Cp is a real
symmetric matrix. We assume that all eigenvalues py,--- ,p; of Cg are ra-
tional integers. Then p; is a power of p for 1 < ¢ < [ by Lemma 1. We
note that in this case we can have an eigenvector u; of p; being in Z!. Sup-
pose further that Ug = (uy,---,w;) can be taken as a unimodular matrix
over the complete discrete valuation ring R (i.e. Ug € GL(l, R)). Then since
p1, -+, o are powers of p, they are also Z-elementary divisors of Cg because
UBTIC'BUB = diag{p1, -+ ,m} and Ug is unimodular. Thus R = Ep. So the
following question naturally arises.

Question 1. Let G be a finite group and B be a block of FG. Let Cg be the
Catan matrix of B. Then can we take a unimodular eigenvector matrix Ug of
Cp over R?

At least does the following hold?

Question 2. Furthermore suppose that all eigenvalues pq,---,p; of Cp are
rational integers. Then can we take a unimodular eigenvector matrix Ug of C'p
over R ? i.e. Does there exist Ug € Mat;(Z) such that det Ug # 0(modp)?

We note that there exists a negative example for Question 2 in a general

finite dimensional algebra which is not a finite group algebra.

Example ([16]). Let B be a Brauer tree algebra. Let I'g be the Brauer tree
e — o — e with three vertices, where e means an exceptional vertex with

multplicity m. Then we have



1 1
CB=<m;_ m+1>.SORB:{m+2,m}, Ep ={m?+2m,1}.

Thus eigenvalues of C'p are rational integers, but Rg # Ep if m > 1. Actually,
! > for m + 2 and an eigenvector ( 71 ) for

1

a —f3
a p
a,f € R, then detUp = 2af. Therefore, if p = 2, detUg = 0 (mod (7)).
Thus, if p = 2, we can never take a unimodular eigenvector matrix of C'z over

R.

we can take an eigenvector <

m. So we can take a eigenvector matrix Ug = over R of Cp for

If the above Cp appears as the Cartan matrix of a 2-block of a finite group,
3 1
1 3
following results show that this matrix cannot be the Cartan matrix for cyclic

det C'z must be a power of 2. So m = 2 and Cp = . However, the

blocks, tame blocks, p-blocks of p-solvable groups, at least.

4. THEOREMS

We have the following results on Question 2.

Theorem A. Let B be a cyclic block or a tame block. If p(B) € Z, then we
can take a unimodular eigenvector matriz Ug of Cg over R. Indeed we have
Up = @y, where b is the Brauer correspondent block of B.

Theorem B. Let G be a p-solvable group. If p(B) = |D|, then we can take a
unimodular eigenvector matriz Ug of Cp over R. Indeed we have Ug = @3 for
some block 3 of a subgroup of G or a factor group of a central extension of G.

Proof of Theorem A. Let B be a cyclic block or a tame block of G. Then by
Theorems 3 and 4 we have that B and its Brauer correspondent block b are
Morita equivalent. Thus Cz = (. Then we can take Ug = &, by Theorem 1,
which is unimodular over R. O

We use the Fong reduction to prove Theorem B, but we omit it. The following
result is due to Koshitani-Kunugi [7] and many author’s results (e.g. [8,9,12,13])



through proving Broué’s abelian defect group conjecture to be true.

Theorem C. Let G be a ﬁmte group with an elementary abelian Sylow 3-
subgroup P of order 9. Let B and b be the principal 3-block of G and N5 a(P),
respectwely Suppose ng(G) = 1. Then the following are equivalent.
(a) p(B) € Z.
(b) p(B)=|P|=9.
(c) Rz=FE53.
(d) B and b are Morita equivalent (even stronger Puig equivalent).
(e) Let G:=O%(G). Then one of (i) and (ii) holds.
(i) G=X xY, where X,Y are simple groups (abelian or not) with a cyclic
Sylow 3-subgroup of order 3, respectively.
(i) G 1is one of the following non abelian simple groups with elementary
abelian Sylow 3-subgroup of order 9.
(1) PSU3(¢?) with2 < q=2 or 5 (mod 9).
(2) PSp,(q) with g =4 or 7 (mod 9).
(3) PSLs(q) with ¢ =2 or 5 (mod 9).
(4) PSU4(¢*) with g =4 or 7 (mod 9).
(5) PSUs(q¢?) with ¢ =4 or 7 (mod 9).
In these cases, we can take ®; as a unimodular eigenvector matriz Uz of Cg.

Proof. () — (d). Then [7, (5.3),(5.6)] states that B and b are Puig equivalent.

It is easy to see that (d) — (c), because Cp = C, and by Theorem 1. It is
obvious that (c¢) — (b) and (b) — (a).

(a) — (e). Suppose (e) does not hold. Then G is one of the following
alternating groups or sporadic simples Ag, A7, Ag, M1, Moo, Mos, Moy, HS or
one of the following simple groups of Lie type ; PSL3(¢) for ¢ = 4 or 7 (mod 9),
PSp,(q) for 2 < ¢ =2 or 5 (mod 9), PSLy(q) for 2 < ¢g=2or 5 (mod 9). But
for these simple groups we can easily check that p(By(FG)) is not a rational
integer, here By means the principal 3-block. So we can prove that neither is
p(By(FG)) by the following Proposition.

Proposition 3. Let G be a finite group and H < G with |G : H| = q, where q
1 a prime number distinct from p. Let b be a block of FH and By, --- , B, be
all blocks of G covering b. Then p(B;) = p(b) for all 1 < i < m.



We skip to prove Proposition 3. Here for example we show a typical case.
Other cases are similar.

5 2 2 3 3 01
2312101
2131201
IfG=My,thenC=|3 2 1 4 3 1 2 | and
31 2 3 41 2
0001121
1112 2 1 2

fo(r) = (2* — 3z + 1)(2° — 202* + 1022°® — 1922* + 135z — 27).
Since 10 < p(B) < 16, p(B) is not an integer by [5, Lemma 3.1 (2)].

Thus we have proved (a) — (e). Then by Lemma 2 we can take Up = ®,.
So there exists a unimodular eigenvector matrix of C'g in this case. O

Remark 1. There are small misprints in [7, (5.7) Lemmal. In Case 2 and Case
4 the small star marks should be the big star marks.
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